ESTIMATION THEORY

e Estimation of parameters
— General principles and methods
— Estimation of mean and correlation function

— Spectrum estimation (Chapter 10)

e Estimation of random variables
— Bayes (nonlinear) estimation

— Linear mean-square estimation
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PARAMETER ESTIMATION PROBLEM

1. A set of random variables z1,xo,---,x IS Characterized by

f:cl,ajg,-“,:cN;@(xQ? L2y 3TN, 9) — f$;9<w; 9)

where 6 is a parameter of the density.

2. The form of the density fw;g(a:;e) I.e., its dependence on 6,
iIs known but the value of 6 is not known.

3. Given an observation x° & {x3,x3,---,x%;}, use this to
estimate 6.
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MAXIMUM LIKELIHOOD ESTIMATION

e The quantity fg.9(x°;0) for fixed x° regarded as a function
of 0 is called the likelihood function.

e Choose 6 to maximize the likelihood function

fm;@(XO; 0)
This makes the given observation x° the most likely event.

e [ he maximizing value of 0

0, (x) = argmax  fg.g(x; 6)
is called the maximum likelihood estimate.
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ILLUSTRATION OF ML ESTIMATE

Gaussian density

1 1 2
fa:;m(xo;m) = e_i(xo_m unknown mean
V2 N=1, 0=m
fem(X;m)
_y\m
} X
xO

e Choose m,,; = m3: This makes x° the most likely event.
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ESTIMATING THE MEAN
(MULTIPLE OBSERVATIONS)

Given N independent observations x = [xy,Xo,---,xyx]? from
a Gaussian density with unknown mean, form the likelihood

function

N4 _<:vz-—nzl>2
fe;m(z;m) = 1] e 27
i=1 27rag

(37@ - m)Q

z—l 200

Maximize: In fe:m(x;,m) = —Nln(\/ngo) _

View this as a function of m:

In fa;m(x;m) = (—i> m2+(z :;) m— (Nln(\/ﬁ) —|-.Z ;;’2

208 i=1



LIKELIHOOD FUNCTION FOR GAUSSIAN
DENSITY WITH UNKNOWN MEAN

In f. .(z;m)

\ m

N . N o 2
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MAXIMIZATION OF LIKELIHOOD FUNCTION

Starting with

N
IN fo:m(x; m)_<_i> m2+(z ) (Nln(\/Qwao)—I—Z - )
i=19 o5

202

Set the derivative equal to zero:

dIn fe:m(x;m) N Lﬁ%
om B Uo g:

The result is . ..

N
Z the “sample mean”
1=1

R 1
mml_ﬁ
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Insert Example 6.1 here.
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DEFINITION OF AN ESTIMATE

e An estimate for a parameter is a function of the observations

Oy =0On(x1,20, -, xN) = On(x)

Since the observations are random variables, 0y is also a
random variable.

e Any function of the samples x1,xo,---,x IS called a statistic.
It has an associated mean, variance, and density function. An
estimate is a type of statistic.
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PROPERTIES OF ESTIMATES

1. An estimate is unbiased if E{§N} — . Otherwise it is
biased with bias b(0) = E{fy}.

It is asymptotically unbiased if |im E{@N} = 0.

N—o0

2. An estimate is consistent if

lim PrHQ\N—Q) <s} =1

N—o0

for any small number . The sequence of estimates {Ay}
converges in probability to the true value 6.
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PROPERTIES OF ESTIMATES (cont’'d.)

3. An estimate is efficient with respect to another estimate if
it has a lower variance. An estimate is said to be “most
efficient” if it has the lowest possible variance.

Note: Some authors use the term “efficient” to mean
“most efficient.”
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DEMONSTRATION OF PROPERTIES

e If Oy is unbiased and efficient with respect to §y_1 then Oy
IS a consistent estimate.

f;.6n) JonO)
N

- 1
Var [0 — R
[On] o & Var [HN/]oc%,

N'>N

SN EA

£ (i} = O =0

O

(Decrease in the variance implies convergence in probability.)
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Insert Example 6.3 here.
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CRAMER-RAO BOUND

For any unbiased estimate 0y

var (0] > - — .

: 2 92 : :
E{(@“’] fagyg(%,@)) } _E{ |nf8$0,20($ 6)}

e If the bound is satisfied with equality, the estimate is called
a minimum-variance estimate (or “most efficient” estimate).

00

This requires that = K@) - (05 —9).

e If a maximum likelihood estimate exists and does not occur
at a boundary, it is the minimum-variance estimate.
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Insert Example 6.4 here.
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(Review Appendix A slides here.)
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ML ESTIMATION: VECTOR PARAMETERS

DEFINITION

0,,,(x) = argmax  fy.g(x;6)

LIKELIHOOD EQUATIONS

Vg*fw;g(a:; ) =0 (likelihood equation)

Vg+In fw;g(a:;e) = 0 (log likelihood equation)
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PROPERTIES OF VECTOR ESTIMATES

1. An estimate Oy is unbiased if E{@N} 0.
Otherwise it is biased with bias b(0) = E{ } 0.

It is asymptotically unbiased if IlmN_m‘E{@ } 6.

2. An estimate is consistent if

lim Pr H)@N —HH < e} =1

N—o0
for any arbitrarily small number €. The sequence of estimates
{9N} converges in probability to the parameter 6.
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PROPERTIES OF VECTOR ESTIMATES (cont’d.)

3. An estimate 0 is efficient with respect to another estimate

—~

0/ iIf the difference of their covariance matrices CQ/ — Cg IS
positive definite.

e Property (3) implies that the variance of every component
of @ is smaller than the variance of the corresponding com-
ponent of @’.

e If O, is unbiased and efficient with respect to O, _4 for all N
then O, is a consistent estimate.
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C-R BOUND FOR VECTOR PARAMETERS

Let @ be a vector parameter and @ an unbiased estimate with
covariance matrix Cg. Then

) —1

where
J = E{s(m;@)sT(m;O)} “Fisher information matrix”
and

s(x;0) = Vg In fa:;0<33; 0) ‘'score vector”

e [ he inequality is interpreted to mean that the matrix
Cy— J—1 is a positive semi-definite matrix.
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GEOMETRICAL INTERPRETATION OF C-R
BOUND (VECTOR PARAMETERS)

02

(6 — b)TCé"‘(o‘—— b)=C

5=60-0
“deviation”

(' a constant

b (O- bTJS6-b)=C

0,
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NOTES ON THE C-R BOUND
FOR VECTOR PARAMETERS

e [ he stated bound applies only to real-valued parameters.

e [ he variances of the individual components of the vector
satisfy Var {9}} > jz.(z._l).

e [ he bound is satisfied with equality if and only if the estimate
satifies an equation of the form 8(z) — 0 = K(0) - s(x; 0).

e (Generalizations of the bound apply for biased estimates.
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Insert Example 6.5 here.
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ESTIMATING THE MEAN OF A RANDOM

PROCESS

SAMPLE MEAN
1 Ns—1

—~

My x[n]

n=—0

e }Q;

MEAN OF SAMPLE MEAN

1 Ng—1 1 Ng—1
Efm) = Y Efalnl} = Y me=m,
S n=0

S n=0

e [ his shows the sample mean is unbiased.
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ESTIMATING THE MEAN (cont’d.)

VARIANCE OF SAMPLE MEAN

Let 1=1[1,1,...,1]7; @z =[z1,20, -, zn]’ SO "y = NislTaz.
A ) 1
Var [mgz] = E{\mw - mx|2} — N—SleE{(a: —mgz)(x — mm)*T} 1
1 - 1 st_:l
= —1"Cgl=— [Ns — [l]]Cx[l]

NZ NZ 1= “No+1

1 N7t l

N [=—Ng+1 N

e Since limy, _ o Var[mg] = 0 the estimate is consistent.
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Detail of matrix calculations

17'Ce1

= [1 1. 11]

= sum of all terms in the matrix

thus

Cz[0]
Cz[1]

Cx[Ns—1]

Cz[-1]
Cz[0]

Cx[—Ns+1]

Cz[0]Cz[—1]
Cz[1]Cz (0]

Ns terms C;[0] on main diagonal
Ng — 1 terms Cz[1] on next diagonal
Ng — 2 terms Cz[2] on next diagonal

etc.

17Cpl1 =

Ns—1

2.

l:—N3+1

(JVE —‘|l|)' (zx[l]
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ESTIMATING THE CORRELATION FUNCTION

z[n+!]
1 Ng—1 !
R[] = x[n]x*[n—I]
Nl 2 T .
-1 N,—-1-1
LS e ) :
= z[n+Ux*[n T*[n :
Ns—1 = o
0 <1< Ns I [ [
¢
.
0 N, -1



MEAN AND VARIANCE OF R/ ESTIMATE

MEAN
1 Ns—1- 1 Ns—1-

E{Rllly = E Na*[n]} = Ryll] = Rall

{Falll} = 7;0 faln+ 17 [n]} = 7;0 2[l] = Rall]
VARIANCE
A 1 Ns—1—l| | ,

Var [R;;[l]} =~ l > <1 a l ) | Ry [K]| (see text)

s— 10 k=—Ns+1+]| s— 10

e Since Var [R;[l]} — 0 as Ng — oo the estimate is consistent.

e Estimate is not guarranteed to be positive semi-definite.
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DEMONSTRATION BY COUNTEREXAMPLE

R.[]] MAY NOT BE POSITIVE SEMI-DEFINITE

RN
n]
25¢ 259
5‘ 5 22¢ . .
4I I D1 1 Ryj21> Ryl
¢ ¢ L L n
-2 -1 01 2 3 4
? S *—o l
-4 -3-2-101 2 3 4
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ALTERNATIVE CORRELATION FUNCTION
ESTIMATE

1 Ns—1—-1

R.[1] =~ > zn+ 1z [n]; 0 <1 < Ng
S n=0
MEAN
E{ R[]} = Ne — ‘”Raj[u (biased)

S

Since E{Rx[l]} — Rz[l] as Ns— oo this is asymptotically unbiased.

VARIANCE

Ne—1—|l
Var |Ru[l]| = Ni S <1 _ U &

5 k=—Ns+1+]l]

) | Ry [k]|?

S

Since Var [Ra;[l]} — 0 as Ns — oo, the estimate is consistent.
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ESTIMATING THE CROSS-CORRELATION

FUNCTION

BIASED ESTIMATE

1 Ng—1—1

LS dt iy o<i<n,
N n=0

A

— Y zhly'ln+l]] —-Ns<li<O

e Properties are similar to those of R,.

1
e [0 obtain the unbiased estimate, replace — by

1
N Ng — |l
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ESTIMATING THE CORRELATION MATRIX

AUTOCORRELATION METHOD

(size 3 x 3 illustrated; Ng = 50)

R 1 z*[0] z*[1] =*[2] z*[49] O 0
Ryr=—]o0 2*[0]  x*[1] £*[48] x*[49] O
Ns | 0 0 2*[0] . z*[47] z*[48] 2*[49]
X:T

z[0] 0 0

z[1]  x[0] 0

z[2] x[1] =«[0]

x[49] x[48] x[4T7]

0 x[49] x[48]

0 0 2[49]
X

e O compute a cross-correlation matrix Rmy, replace the first

term with Y*7'
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ESTIMATION PROBLEM

Estimate
Yy

Y. a random variable
x1,---,xpn. a set of related measurements.
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BAYES ESTIMATION

OBSERVATIONS: z1,x0,---,zpN

ESTIMATE: j=g(x) = é(xq1, 20, -

BAYES APPROACH

e Assume a cost function C(y,y) >0

e Minimize the risk R =E{C(y,5)}

7:BPJ)
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EXPRESSION FOR THE RISK

R = E{Cwt= [ _[" w56 faly, x)dydx

o0
_ / T@) fa(x)dx = E{Z(7)}

where

I@) = [ 0Dy vix)dy

Since C(y,y) > 0 implies Z(y) >0 ...

e To minimize R =E{Z(y)}, minimize Z(y) for every 7.
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BAYES ESTIMATE: MEAN-SQUARE COST

C(y, ¥)

ly — #1°

@ = | v-alfya(le)dy

ly — ol

VirI@ == [ = DIyavie)dy =0

0.
= | Ys(x) :/ yfy|m(y|a:)dy “mean-square estimate”
— OO
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BAYES ESTIMATE: UNIFORM COST

C(y, §)

@) = | fw(le)dy

1—4k%@@mwmwy

ly — 7|

() =1 — fy|m(y|a:) - 2¢ is minimized when f, 5 is maximized.

= |Yyap(x) = argmax  fyp(ylz)| “MAP estimate”
Yy
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Insert Example 6.6 here.
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BOUND ON MEAN-SQUARE ERROR
(ANALOGOUS TO CRAMER-RAO BOUND)

E{(y -9} > & = &

Ol )\ 2 82 In fyx(y,x)
Z{( nfygqu(y )) } —E{ 8yy2 }

Bound is met with equality when . ..

. é9|n.fyaj<yviv>
dy

y—y(z) = —K

in which case

1 1
K = =

Ol )\ 2 82 In fux(y,T)
E{( nfyég(y )> } —E{ any }
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Insert Example 6.7 here.
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MEAN-SQUARE ESTIMATES: GAUSSIAN DATA

y Y y=ax+b
Cg))’O "(////// a<0
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LINEAR AND NONLINEAR ESTIMATES

Yy

y = ¢x)
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LINEAR MEAN-SQUARE ESTIMATION

e The mean-square error E{|y—g|2} is minimized while
requiring the estimate to be linear.

e [ he estimate y depends only on first and second moments.

e Solution involves linear equations.
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SIMPLE LMS ESTIMATION PROBLEM

e Assume real scalar variables, x, y; estimate y = ax 4 b.
e Choose a and b to minimize &, = E{(y = g)Q}.
POSSIBLE APPROACH

1) Substitute § = ax + b into expression for &,,,..

aglms

da
— solve simultaneous equations for a, b.

aglms

2) Set =0 and =0
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SIMPLE LMS ESTIMATION (cont’d.)

BETTER APPROACH

1. Define e=y—y then &, = E{eQ} = 02 + m?2.
To minimize &;,,s, require me = O:
me =F{y -y =F{y—ar—-b;y =0

thus b = my — amy.

2. Now write &, as a function of a single variable:
Elms = E{(?J - g)Q} — Z{(y — ar — b)z}
E{l(y — my) — alz — ma)]?}
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SIMPLE LMS ESTIMATION (cont’d.)

BETTER APPROACH (cont’d.)

3. Minimize: &,,s = E{[(y —my) —a(x — mw)]Q}

d&
a;;ns =f{—2[(y—my)—a(w—mx)](w—m:c)}=—2[C:I:y—a<f§] =0
ThUSa:Cx—Qy; bzmy—cx—z‘ymx and Q=<Cw—2y>a:—|—<my—cw—gmx>
0-33 0-33 0-33 0-33
ALTERNATE FORM
~ o o C
7 <_yﬂwy> e <my - —yﬂwymw> where  pry = —"
O O O';Uo-y

(checks with Example 6.7)
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SIMPLE LMS ESTIMATION (cont’d.)

MINIMUM MEAN-SQUARE ERROR

Ems = E{w-9?} = E{l(y—my) — alz — ma)]?}
E{(y — my)? — 2a(x — ma) (y — my) + a®(z — ma)?}

2
cC C
= 02—2acgg —|—a22 = 0o —wacx—l— ajy o2
Y Y (7 Y x
0-33 0-33
5 2
- 33?/
= of — —-=2
Y 0.2

X

2 2 2
Elms = Jy(l - p:cy) < Ty
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Insert Example 6.9 here.
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GENERAL LMS ESTIMATION PROBLEM

e Random variable y, vector of observations «x,

both may be complex.

e Estimate of the form: § = a*lxz 4+ b where

L1
L2

LN

ai
a2

an

e Choose a, b to minimize &,,, = E{|y — 7}
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GENERAL LMS ESTIMATION:
STEPS TO SOLUTION

STEP 1

Define e =y — y and write
Elms :E{‘g‘Q} — 0&2 —|—m§
Require:
me =FE{y— 3} =FE{y—aTa—b} =0
thus ...
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GENERAL LMS ESTIMATION (cont’d.)
STEP 2

Substitute b =my —a* mg; in &,
Elms = E{ Yy — g‘Q} — E{|y —a*le — b‘Q}
(y—my) — a*T (& —my)][(y—my)*— (x—my) " a]}

T
Yy — my‘Q — (y — my)(ac — ma:)* a

|
™
—

|
™
—

—a*(x —my)(y — my)* 4+ a* (z — my)(z — mx)*Ta}

or ... &Euns = 05 — c;‘%a —a*lcyy +a*!'Cya
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GENERAL LMS ESTIMATION (cont’d.)
STEP 3

Find stationary point and solve for a:

2 T T T
Elms = 0y —Cpya—a cgy+a™ Cza

va*glms = 0-0-— Cmy —I_ Cwa =0

Therefore . .. Cra = cgy or a= C;lcwy
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GENERAL LMS ESTIMATION (cont’d.)

MINIMUM MEAN-SQUARE ERROR

2 T T T
Elms = 0y —Cpya—a cgy +a™ Cza
_ 2 * T *
0
2 T 2 —1
glms —_— O-y — C;ya — O'y — Cajycw Cajy
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Insert Example 6.10 here.
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