SECOND MOMENT CHARACTERIZATION OF
RANDOM PROCESSES

x[n)]

R,[ny, mgl = E{x{n; ¥ [ng]) ME A N
——— Mz[n] = E{z[n]}
'l I ] ] l TERERE CORRELATION FUNCTION
l / N Rz[n1,nol = E {z[n1]z*[no]}

COVARIANCE FUNCTION

Cz[n1,no]l = E{(z[n1] — mz[n1])(z[no] — mxz[ng])*}

RELATION.: Rx[’nl, TLO] = ng[n]_, no] -+ mm[nl]m;’;[no]
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SECOND MOMENT CHARACTERIZATION
(cont’d.)

x[n]
R [ny, ngl = E{x[n,Ix*[ngy] }

f—— |

“TIITIT,T t ]y ]
l / P Pl

g n

For a stationary random process:
Mz[n] =my; (@ constant)
Rz[n1,ng] = Rz[n1 — no]l = R[] [ is called the "lag"
Cz[n1,n0] = Cz[ny — no] = Cx[l]

e If a process is not stationary (in the strict sense) but satisfies
the above conditions, it is called wide sense stationary.
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CORRELATION AND COVARIANCE FUNCTIONS
(STATIONARY RANDOM PROCESS)

CORRELATION FUNCTION

x[n}

Ry [l] = E{z[n]z*[n — ]}

COVARIANCE FUNCTION

Cell] = E{(x[n] — mz)(x[n —1] —mg)*} where mg = E{z[n]}

RELATION: R [1] = Co[l] + |ma|?
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EXAMPLES OF CORRELATION FUNCTIONS

x[n] R ]

High correlation | ot
1y R o A I e

s l ¢ 1 2

x[n] R[N

Low correlation 3 I 1
| L kR — tooiteee—

x[n] R[]

Negative correlation t P

g 1 T l I l” i-::I:_l I___I--—& !
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CORRELATION FUNCTION PROPERTIES

1. Conjugate symmetry

R:[l] = R[]

2. Positive semidefinite property

> Y a*[ni]Rz[n1 — nola[ng] > 0

n1=—00 NQg=—00

for any sequence aln].

The second property implies that
Ry[0] > |Ra[l]] 1# 0O
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PROOF OF PROPERTIES

Conjugate symmetry

RE[-1) = (E{zlnlz*[n + 1})* = E {z[n + Ja*[n]} = Rl

Positive semidefinite property

[n] =
W e e uiml= S alnoleln - nol
nog=—oo
E{ylRP} = X Y a*lE{zln — nolz*[n — n1l} alng]
n1=—00 nNpg=—00

> > a’[n1]Rz[n1 — nolalng] > 0

nN1=—00 NQg=—00
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PROOF OF DERIVED PROPERTY R;[0] > |R.[l]]
(REAL CASE)

Start with: and choose:

00 00 1 n=2~0
> Y a*[ni]Rz[ni—nglalngl >0 aln] =¢ -1 n=I
Nn1=—00Ng=—00 0 otherwise

The double sum becomes
Rz[0 —0] — Rx[0 -] — Rz[l—0] + Rzl -1 >0
= Rz[0] > Rzl[l]

Then choose: to show that:

1 n=2~0
0 otherwise

Taken together: R;[0] > |Rz[]]
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REPRESENTATION OF A RANDOM SIGNAL
AS A RANDOM VECTOR

z{n]
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CORRELATION MATRIX FOR A RANDOM
PROCESS

- E{j#01°} E{z0]a*[1]} - Efz0la*[N-1]} ]
* 2 c[112* [N —
Re =E{zz*T} — :f{xillx (o1} :E{w[l]r } | ‘:E{ [1]2*[N—1]}

| E{ziN-112*[0]} E{eN-1]z*[1]} - E{je[N-1]2}

[ R.[0,0] R:[0,1] . Rz[0,N—1]
] I.?x[N—l,O] I.?x[N—l,l] . I.?;E[N—l,N—l] |
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CORRELATION MATRIX FOR A
STATIONARY RANDOM PROCESS

Rz[0,0]
Rz[1,0]

Rz[N—-1,0]

R [0]
Ry [1]

Rz[N—1]

Rz[0,1]
Rz[1,1]
Rz[N—1,1]

Ry [—1]
R [O]

Rz[0,N—1]
Rz[1,N—1]

Rzp[N—1,N—1]

Rz[-N+1]

R [O]
Ry [1]

Ray[—1]
R [O]

e Ry is a Toeplitz matrix: elements along diagonals are equal.

e Covariance matrix Cg is also Toeplitz with main diagonal
elements C,[0] = 2.
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CROSS-CORRELATION AND -COVARIANCE

DEFINITIONS:
Rzy[ni,nol = E{zx[n1]ly"[nol}
Czylni,nol = E{(z[ni] — mz[n1])(ylnol — myl[nol)*}

RELATION: ny[nl, no] = ny[nl, no] -+ mx[nl]mZ[nO]

e x[n] and y[n] are jointly stationary (wide sense) if

1. z[n] and y[n] are each stationary
2. R:vy[nL nol = ny[nl — ng]
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CROSS-CORRELATION AND -COVARIANCE
(JOINTLY STATIONARY PROCESSES)

DEFINITIONS

Rayll] = E{z[n]y*[n — 1]} ; Cuyll] =E{(x[n] — mz)(yln —1] —my)*"}

RELATION
“PROPERTIES”
Rayll] = sz[_l] ) Cayll] = ngx[_l]

These functions are usually not positive semidefinite.
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CROSS-CORRELATION ILLUSTRATED

x[r]

R[]
vin]
R,
T I ‘[ I + 1 1 \ I « .
e« 1 / e \ Py l
g 77,4
e l
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ASYMMETRY OF CROSS-CORRELATION

Causal
White noise  x[n] ——=={ IIR  [——®= y[~]
input sequence system
x[n] yln]
? ?IT LTT I T, 'IIIIITITTQ‘JT .
I N / \
ng ny=ng+1 ng ny=ng+1

E{y[n 1x"[nol} = R, [11#0
E{x[n,1y*[nol} = R,1/1=0
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ASYMMETRY OF CROSS-CORRELATION

(cont’d.)

R[N = Ryl—1]

]

L

ITTTT?.---
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BOUNDS ON CROSS-CORRELATION

ARITHMETIC MEAN

|Rayll]] < 3 (R2[0] + Ry[O])

GEOMETRIC MEAN

Rayll]] < (R2[0]1R,[0])3

e Analogous bounds hold for the covariance.
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CROSS-CORRELATION AND -COVARIANCE
MATRICES

Rey =E{wy"’}  Cay=E{(= - ma)(y —my)7}

For stationary processes, these matrices are Toeplitz but not
necessarily square.

Example:

[ Ryy[O] Rayl—1] Ray[—2] Ray[—3]
Ray = | Ray[l] Reyl0]  Reyl—1] Rayl—2]
| Rayl2] Rayll]l  Razy[O]  Ray[—1] |

4-17



POWER SPECTRAL DENSITY FUNCTION

DEFINITION AND INVERSE

0. @) 1 T
So(e) = Y Rafl]e ! Ry[l] = — / S (€99 iy
oo 27 J—7n
INTERPRETATION
Since . ..

2 1 T w
Avg. Power = E{|z[n]|?} = R.[0] = —/ S (e dw
21w J—7

... Sz(e) must be power density.
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POWER SPECTRAL DENSITY (cont’d.)

GENERAL FORM

S, (eIw)

Se(e?) = SL(e7) + ) 27P;6:(el — eI¥i)
)
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POWER SPECTRAL DENSITY PROPERTIES
1. S.(eI¥) is real

1 follows from the conjugate symmetry of R.[l].

2 follows from the positive semidefinite property of R.[(].

e S.(eJ¥) is also periodic, and is an even function of w
only if Rg[l] is real.

4-20



PROOF OF PROPERTIES

1. Sg(el¥) is real

S;(ejw)

( i Rx[z]eﬂ'wl) = i MU

|=—o00 l=—00
0’0 oo

= Y Rl = Y Ry[kle ¥R = Sp(el®)

|[=—00 fe=—00

Deferred to Chapter 5.
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EXAMPLES OF CORRELATION (Review)

x[n] R
High correlation | R S
[ , T T ey |
. 1 ¢ 1 2 3
x[n] R[N
Low correlation 3 I 1
| L kR — oo |
x[n] R0
Negative correlation t e
J T I . s & T
l ] T R, 1 =
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EXAMPLES OF POWER SPECTRAL DENSITY

R[N S, (ev)
<177 1 , JIU ,
— 7T i
R.[1] S, (erv)
/—\
-——n-0--"T h b VR . n
—7T ig
R_I1] S (erw)
1 o : A J_ .
S W S e N | ;
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SOME IMPORTANT RANDOM PROCESSES

e \White noise

e Signal with exponential correlation function
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WHITE NOISE

e Any stationary random process, with zero mean, whose
correlation function is an impulse is called “white noise.”

CORRELATION FUNCTION POWER SPECTRUM

R = 02 81] S, (1)
a§ =2Wz/0‘ o[;’ =2Wu,
—e o090 —0o o000 — | f } )
- s
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SIGNAL WITH EXPONENTIAL CORRELATION

CORRELATION FUNCTION

RN = a2plt
®

o2

4—“’3””' MIIU“-Z

e« —5-4-3-2-10 1

Rull] = o2pl!l  — 0o <1< o0 (lp| < 1)
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SIGNAL WITH EXPONENTIAL CORRELATION
(cont’d.)

POWER SPECTRUM

l1—p p>0

|

3
N[N -

o
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CROSS-POWER SPECTRAL DENSITY

DEFINITION AND INVERSE

o0 1 ™

Soy(e?) = S Rayll]e ! Rayll] = — / Sy (7Y e ld
i 2w J—7x
—=—00

INTERPRETATION

Measures correlation between z[n] and y[n] at frequency w.
“PROPERTIES”

Generally complex with — Szy(e?) = S;,.(e?).
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NORMALIZED CROSS-SPECTRUM /
COHERENCE

COHERENCE FUNCTION

def Sxy(ejw)

el’) =
I_a:y( ) \/Sag<€]w>\/sy(6]w)

MAGNITUDE SQUARED COHERENCE (MSC)

S (e]w)Q
| e | , 0< ||—:Uy(€‘7w)|2 <1

w2 —
ol = g ey 5y ()
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COMPLEX SPECTRAL DENSITY FUNCTION

DEFINITION
@)
Se(z) = > R[]z~ (z € Region of convergence)
[=—0o0
INVERSE

1
R [l] = %%C Su(2)2 " Ldz (C € Region of convergence)

SYMMETRY PROPERTY

Sz(z) = Sx(1/2%) <for real processes: Sy(z) = Sx(z_l))
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COMPLEX SPECTRAL DENSITY (cont’d.)

GENERAL FORM

Sz(2) = SL(2) + Z 27P;60(2 — &%)
7
RATIONAL FORMS

N : 62— 621
o Si.(z) = Dgg example: S'(z) = 0 622—2?5—:?26—21

e Poles and zeros occur in conjugate reciprocal locations:
zo and 1/z§
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EXAMPLES OF POLE-ZERO LOCATIONS FOR
A RATIONAL COMPLEX SPECTRAL DENSITY

™
L84
—

NP

o)

oy
X
o

R
D {Zero at 00)
9%

Complex process Real process
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REGION OF CONVERGENCE OF S;(2)

1
Since Sz(z) = Si (—*> then if Sy(z) converges for |z| > rr then
Z

1 1
Sz(z) also converges for — >rp or |z| < —

2]

Unit circle

T herefore, the region of
convergence is always
of the form

1
’I“R<|Z|<E
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EXPONENTIAL CORRELATION FUNCTION
AND COMPLEX SPECTRAL DENSITY

Correlation Function Complex Spectral Density
2 1 — 2
Coo Re[l] = 0%l S.(0) = —— T
ase —pz+ (1 + p?) — pz~
N
Complex TP L=20 o?(1—|pl?)
Case R [l] = Sz(w) = — 2 1
d 2(p)! 1<0 —p*z + (1 + |p|?) — pz

e Also see various other forms (Eq. 4.61 of text).
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COMPLEX CROSS-SPECTRAL DENSITY

DEFINITION
@)
Sey(z) = > ny[l]z_l (z € Region of convergence)
[=—o00
INVERSE

1
Razy[l] = %fc Sxy(z)zl_ldz (C € Region of convergence)

“PROPERTY”

Say(z) = Sy, (1/27) <for real processes: Siy(z) = Sym(z_l))
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SUMMARY OF 2" MOMENT FUNCTIONS
AND PROPERTIES: AUTOCORRELATION

Function and Definition Properties

Rol) = Efalnlaln — 11} Rl = Ri[-1]

Z Z a*[n1]Rz[n1 — nola[no] > 0

N1=——00 Ng=—00

Sy(e) = f: Ry [l]e ! Sz(e) is real.
— Su(e7) > 0
Se(2) = > Ru[llz™! S.(z) = S*(1/2%)
[——00
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SUMMARY OF 2" MOMENT FUNCTIONS
AND PROPERTIES: CROSS-CORRELATION

Function and Definition Relations

Rayll) = E{xn)y*[n — 1} Rayll] = Riy[—1)

Sey(e*) = 37 Rayyllle ¥t Spy(el®) = Si(el®)

[=—o0

Sey(2) = Y Rayli]z™ Sey(2) = S5z (1/2%)

[=—00
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SECOND MOMENT ANALYSIS OF
PERIODIC RANDOM PROCESSES

DENSITY FUNCTION

Falnolzlng)zlng] = falng+koPlalny 4k Pl alng+ky Pl

MEAN
F{z[n]} =FE{x[n+ kP]} = mg[n] = mg[n + kP]
CORRELATION

E{z[n1]z"[rol} E{z[n1 + k1Plz"[no + ko P}
= Rx[nl, no] = Rx[nl ~+ k1P, ng + koP]

e Similarly Cx[nl,no] = Cx[nl + k1 P,ng + k’oP]
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PERIODIC RANDOM PROCESS

POINTS OF IDENTICAL CORRELATION

Rz[n1,ngl = R;,;[n’l,no] = R;,;[n’ll,nb] = etc.

I 1" /
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PERIODIC PROCESS: STATIONARY CASE

Rz[n1,n0] = Rz[ni + k1P, ng + koP]

! !
Rz[ni—ngl = Rz[ni+k1P—(no+koP)] = Rz[ng :nQ—I—\(klzko)JP]
[ l k
Therefore ... Ryz[l] = Rz[l + kP]
R[]
UII“ 1 e mm,_l
~P —P+1 -2-10 P P+]

e Similarly C.[l] = Cy[l + kP]
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CORRELATION MATRIX FOR A PERIODIC
RANDOM PROCESS

L L ]
L
. [ x * x I T " Rz[1] = R:[-3]; Rz[2] = R:[-2]; etc.
3 2 -1 0 1 2 3 4 1
- P -
[ Re[0] Rz[-1] Rel-2] Re[-3] | [ Rz[0]  Ru[-1] Rz[-2] Re[-3] |
R, — Rx[1] Rz[O] Ry[—1] Ra[-2] — Ry[-3] Rz[0] Ry[—1] Rz[-2]
T Ryl2] Rz[l]  Rel0]  Re[-1] Ry[-2] Rz[-3] Ral0]  Ral-1]
| Rx[3] Rz[2] Rz[l] Rz[0] | Rz[-1] Rz[-2] Rz[-3] Rz[0]
Genergl form Circulanvt matrix

4-41



EIGENVECTORS AND EIGENVALUES FOR A
PERIODIC RANDOM PROCESS

3
The Discrete Fourier Transform Sz[k] = ) R [[qWH <W —e IN

[=0
leads to the eigenvalue equation:

DFT — [ Rel0] Rell] Rel2] Rzl3] | 1 1
DFTs of Rel3] Rz[0] Re[l] Ral2] wk e Wk
rotated Re[2] Rz[3] Rel0] Rall] w2k | v Lk] W2k
sequences | Ry[1] Rz[2] Rx[3] Rol0] | | W3k W3k

e Eigenvalues S;[k] are samples of the power spectrum.
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GENERAL CLASS OF PERIODIC PROCESSES

Random .

— pJWiT . AFL — ) ]
process! ol ;Aze ' E{AzAJ} 0, i#
Correlation Ry[l] = ZP' wil -~ p. =7 lA12) = Vv r[A;]
function R e {| d }_ A
Spectral .
density Sz(e?) = 2m) P;bc (7 — &)

i

1A, = |A;|e?® with ¢; uniform.

e Model includes x[n] = Ael¥0™  A*eI¥0" = 2| A| cos(wgn + ¢)
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SPECTRA OF PERIODIC PROCESS

PERIODIC PROCESS
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SPECTRA OF PERIODIC PROCESS (cont’d.)

ALMOST PERIODIC PROCESS

S, (e7%)

Not a rational multiple of 27
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SECOND MOMENT CHARACTERIZATION OF
CONTINUOUS RANDOM PROCESSES

XAZ)
MEAN

my, (8) = E{zc(t)}
CORRELATION

R%.(t1,t0) = E{xc(t1)zi(to)}

’o £y !

COVARIANCE
Coolt1,t0) = E { (we(t1) = mi (01)) (welto) —mE(10))}
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SECOND MOMENT CHARACTERIZATION
FOR A STATIONARY RANDOM PROCESS

MEAN

my,, = E{zc(t)}
CORRELATION

Ry (1) = E{zc(O)z(t — 1)}

COVARIANCE

Cs (1) = E{(ze(t) — m§,) (we(t — 1) —mE )*} = R (1) — |m5, |2
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PROPERTIES OF THE CONTINUOUS
CORRELATION FUNCTION

1. Conjugate symmetry

R (1) = Ry (—7)

2. Positive semidefinite property

o0 o0 3k C
/ / a.(t1)RS(t1 — tg)ac(tg)dt1dtg > 0
— 00 — 00

for any function ac(t)

The second property implies that
Ry(0) > |Ro(1)| T #0
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CONTINUOUS-DISCRETE RELATIONS

Let z[n] det xe(nT) (samples of the continuous process)
then
E{z[n]z*[n -1} = E{zec(nT)z:((n—1DT)}
\ /
Therefore. .. R[l] = R, (IT)

e [ he discrete correlation function is comprised of samples of
the continuous correlation function taken at the sampling
interval T.
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POWER SPECTRAL DENSITY FUNCTION

DEFINITION AND INVERSE

Se.(H) = [ Re(Me?Tar o R = [ s5.(nem T
— o0 — o0
PROPERTIES

1. S5 is real (and even if Ry, is real).

2. 5% is everywhere non-negative.

Note: S (f) extends over —oo < f < oo, it is not periodic.
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TYPICAL POWER DENSITY SPECTRUM

REAL RANDOM PROCESS

- S~
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TYPICAL POWER DENSITY SPECTRUM

COMPLEX RANDOM PROCESS
5 (f)

Continuous
component

)l Discrete
component

\
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SAMPLING AND RECONSTRUCTION

Theorem: If S§ (f) is bandlimited, i.e., S5 (f) = 0; |f| > W then
xc(t) is reconstructable from samples x.(nT') taken at the Nyquist
interval T'=1/2W in the following sense:

Let Z.(t) = i xe(nT) sinc (2rWit—nmr) <sinc (&) = %>

n=—oc 3

then E{|zc(t) — Z:(t)[*} =0

This condition is written as Z.(t) = xz.(¢t) (“almost everywhere")
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CONTINUOUS AND DISCRETE SPECTRA

CONTINUOUS CORRELATION FUNCTION
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CONTINUOUS AND DISCRETE SPECTRA

SAMPLED CORRELATION FUNCTION
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CONTINUOUS AND DISCRETE SPECTRA

DISCRETE CORRELATION FUNCTION

R S (e7v)

Lol 1., NN N
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WIENER PROCESS REVISITED

DENSITY FUNCTION

f (x) = 1 e—WQ_tO) Gaussian with mean O,
zc()\N \/27“/0“ —to) variance vo(t — to)

CORRELATION FUNCTION

RZ.(t1,t2) = Cg (t1,t2) = E{zc(t1)zc(to)} (assume t1 > to)
= Elzc(t)zc(ta)} +E{[ze(t1) — ze(t2)] zc(t2)}
! /
= vo(ty — to) O (independent increments)

By a symmetrical argument Rf, (t1,t2) = vo(t1 —to) for to >ty

Therefore ... R (t1,t2) =vo min (t1 — to,t2 — to)
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CONTINUOUS GAUSSIAN WHITE NOISE

e \White noise is defined as the derivative of the Wiener process.

Approximate the derivative as

o At

where z.(t) is a Wiener process, and compute the correlation
function.
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GAUSSIAN WHITE NOISE (cont’d.)

Ry (t1,t2) = E{we(t1)we(t2)}

<‘ {xc(tl—l—At)—xc(tl)] [xc(tQ—I—At)—a:c(tz)] }
At At

\

p

—xc(ty + At)xc(t) + ze(t1)zc(t2) >
(At)?
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GAUSSIAN WHITE NOISE (cont’d.)

[ ze(t1 + A ze(ts + AL) — ze(t1)ze(ts + AL) )
—xc(tl + At)acc(tz) + wc(tl)ZCC(tQ) >
(At)?

Assume t1 > to

—@ ® ® ®

and t1 > to + At: to to+ At t1 t1+ At

I/o(tQ —|— At — to) — l/o(tQ —|— At — to)

—l/o(tQ — to) —|— Vo(tQ — to) _ O

Rl (t1,t2) =

(At)?
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GAUSSIAN WHITE NOISE (cont’d.)

[ ze(t1 + A ze(ts + AL) — ze(t1)ze(ts + AL) )
—xc(tl + At)acc(tz) + wc(tl)ZCC(tQ) >

(At)?
\ J
For t1 > tp and —@ ® ® o
o < t1 <tr+ At: to t1 to+At t1+ AL

I/O(t2 —I— At — to) — I/o(tl — to)
—vo(ta —to) +vo(t2 —to) _ vo <1 ot — tz)
(At)2 AL At

4-61
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GAUSSIAN WHITE NOISE (cont’d.)
Let m=1t; —to > 0, then
(1o T

\ 0 T > At

A similar argument applies for 7 < 0 (o > t1).

RC, (t1,t2) = Ry (1) =«

RS/ (T)

1
Area = - Yo 2At = 1o
2 A\t

Zero

—e{ At jm— T=1 — 1y
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DEFINITION OF WHITE NOISE

White noise w¢(t) is the limiting case of w.(t) as At — 0

RS 55,
v, Yo
|
T /

e White noise has infinite power, Ry.(0) = co.
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COMMENTS ON WHITE NOISE

e Continuous white noise is a fictitious process.

e Derivative of the Wiener process does not really exist.

e \White noise is observed only after it passes through a
system (filter).

e VWhite noise is useful and convenient for engineering analysis.

e It is defined to be Gaussian for mathematical consistency.
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SAMPLING WHITE NOISE

e \White noise is not bandlimited; therefore it cannot be
reconstructed from samples.

e For most purposes involving sampled signals, we can replace
oo bandwidth white noise by bandlimited white noise.

e Bandlimited white noise has to be defined carefully.

4-65



SAMPLING BANDLIMITED

RS, (7)
2w, (S5
7/-\\—//\\/ \\//\VA
/~\ X

WHITE NOISE

Stp()

S

V,
;=2W%

l

4-66



UNDERSAMPLING BANDLIMITED NOISE

R¢, (T) S5, ()
[\V/\ N~ -
U | UNTY —2w 2w
W W
Rg,, () ¢, (f)
4WV04 2.2 =4Wu,
: I

—2W 2w
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SAMPLED BANDLIMITED WHITE NOISE
DISCRETE REPRESENTATION

(Correctly sampled)

R[N = 02 511) Su(e)

U§=2WVO, aﬁzQWuo
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DISCRETE WHITE NOISE

DEFINITION

Any zero-mean process with Ry[l] = 026[l] is called a (discrete)
white noise process.

——o—9o—2 *~—o—o—o— | , }
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DISCRETE WHITE NOISE (cont’d.)

CORRELATION MATRIX

52 0 0
2
Ro=| [ 7 0 | =0l
0 0 - 002_

e Discrete white noise does not have to be Gaussian.
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DISCRETE WHITE NOISE (cont’d.)

2
e For Gaussian discrete white noise w*/'Cylw = ”‘;’é' ;
therefore 7
1 Lk
fu(w) = (2702 N/ e 29 (real case)
0O
1 Lk
fu(w) = (o?)N © & (complex case)
0

e Complex Gaussian white noise has real, imaginary parts jointly
Gaussian. The magnitude is Rayleigh distributed; the phase
is uniform.
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