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1 F U N D A M E N T A L S

1 .1 I n t r o d u c t io n

H y d ra u lic c o m p o n e n ts a re u se d p rim a rily a s a c tu a tio n e le m e n ts o f p o w e r{ c o n tro l sy ste m s.
S o m e o f th e a d v a n ta g es o f h y d ra u lic sy ste m s a re :

1 . H ig h { p re ssu re h y d ra u lic p o w e r c a n b e g e n e ra te d e ± c ie n tly , w ith p u m p e ± c ie n c ie s o f
9 2 p e rc e n t c o m m o n .

2 . H y d ra u lic c o m p o n e n ts a re c o m p a ra tiv e ly lig h t in w e ig h t c o m p a re d w ith e q u iv a le n t
m e c h a n ic a l a n d e le c tric a l c o m p o n e n ts b e c a u se th e h ig h ly stre sse d stru c tu re s o f th e
h y d ra u lic sy ste m m a k e v e ry e ± c ie n t u se o f stru c tu ra l m a te ria l. H y d ra u lic p u m p s a n d
m o to rs w ith p o w e r d e n sity le ss th a n 1 lb / h p a re c o m m o n . T h is lig h t w e ig h t is m a d e
p o ssib le b y th e h ig h p re ssu re s a v a ila b le fro m c o m m e rc ia l p u m p s. H y d ra u lic sy ste m s
o p e ra tin g a t 3 0 0 0 p si a n d h ig h e r a re q u ite c o m m o n .

3 . T h e h y d ra u lic ° u id a c ts a s a h e a t e x ch a n g e r, th is re su lts in sm a lle r a n d lig h te r c o m -
p o n e n ts.

4 . T h e h y d ra u lic ° u id a c ts a s a lu b ric a n t, th is re su lts in lo n g e r c o m p o n e n t life .

5 . T h e h y d ra u lic a c tu a to r is e x tre m e ly sti® c o m p a re d w ith a n e q u iv a le n t p n e u m a tic o r
e le c tric a l sy ste m . T h is m e a n s th a t th e o p e ra tin g c o n d itio n is m a in ta in e d a g a in st lo a d
d istu rb a n c e s.

6 . S y ste m re sp o n se is v e ry lin e a r. H y d ra u lic a c tu a to rs d e v e lo p re la tiv e ly la rg e to rq u e s fo r
sm a ll d e v ic e s.

7 . H y d ra u lic a c tu a tio n o ® e rs th e h ig h e st to rq u e to in e rtia ra tio in c o m p a riso n w ith m o st
m e c h a n ic a l, p n e u m a tic , a n d e le c tric a l sy ste m s. T h is p ro p e rty , c o u p le d w ith th e in c o m -
p re ssib le n a tu re o f th e m e d iu m , re su lts in e x c e p tio n a lly fa st re sp o n se a n d h ig h p o w e r
o u tp u t.

S o m e o f th e d isa d v a n ta ge s o f h y d ra u lic sy ste m s a re :

1 . M o st h y d ra u lic sy ste m s u se o rg a n ic -b a se d ° u id s w h ich p re se n t se rio u s ¯ re a n d e x p lo sio n
h a z a rd s, p a rtic u la rly a t h ig h te m p e ra tu re s.

2 . D i± c u lty o f p re v e n tin g le a k s in n o rm a l u sa g e .

3 . In e v ita b le ° u id c o n ta m in a tio n , w h ic h re su lts in b a d re lia b ility a n d th e n e e d fo r c o n sta n t
m a in te n a n c e .

4 . T h e y a re d i± c u lt to d e sig n , ° u id ° o w is n o t a lw a y s e a sy to p re d ic t o r a n a ly z e .

5 . H y d ra u lic c o m p o n e n ts a re n o t d e sira b le in lo w p o w e r c o n tro l sy ste m s.
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1 .2 H y d r a u lic F lu id s

1 . B a sic P ro p e rtie s:

B y d e ¯ n itio n , a ° u id is a m e d iu m th a t c a n n o t w ith sta n d sh e a r fo rc e . T h e d e n sity o f th e
° u id is d e ¯ n e d a s th e m a ss p e r u n it v o lu m e . T h e sp e c ī c g ra v ity is w e ig h t p e r u n it v o lu m e
a n d th e sp e c ī c g ra v ity ¾ is th e ra tio o f th e d e n sity o f th e su b sta n c e in q u e stio n to th a t

oo f w a te r a t 6 0 F . T h e p e tro le u m in d u stry u se s a m e a su re o f re la tiv e d e n sity c a lle d \ A P I
g ra v ity ." A P I g ra v ity in te rm s o f sp e c ī c g ra v ity is,

1 4 1 :5
D e g re e s A P I = ¡ 1 3 1 :5 ;o o¾ 6 0 F = 6 0 F

o o ow h e re ¾ 6 0 F = 6 0 F re p re se n ts th e sp e c ī c g ra v ity o f th e su b sta n c e a t 6 0 F re la tiv e to w a te r
oa t 6 0 F . T h e m a ss d e n sity o f a ° u id is a fu n c tio n o f b o th p re ssu re a n d te m p e ra tu re . It

in c re a se s w ith in c re a sin g p re ssu re a n d d e c re a se s w ith in c re a sin g te m p e ra tu re . A t a g iv e n
te m p e ra tu re , a g o o d a p p ro x im a tio n is

2½ = ½ (1 + a P ¡ b P ) ;0

w ith ty p ic a l v a lu e s fo r h y d ra u lic o il

¡ 6 2a = 4 :3 8 £ 1 0 in = lb
2¡ 1 1 4b = 5 :6 5 £ 1 0 in = lb :

A t a c o n sta n t p re ssu re :
½ = ½ [1 ¡ ® (T ¡ T )] ;0 0

w h e re
® = c u b ic a l e x p a n sio n c o e ± c ie n t :

T h is lin e a r a p p ro x im a tio n is a c c u ra te w ith in 0 .5 p e rc e n t fo r m o st h y d ra u lic ° u id s o v e r te m -
op e ra tu re ra n g e s o f 5 0 0 F . F o r sm a ll c h a n g e s in b o th P a n d T :

Ã ! Ã !
@ ½ @ ½

½ = ½ + (P ¡ P ) + (T ¡ T )0 0 0@ P @ TT P" #
1

= ½ 1 + (P ¡ P ) ¡ ® (T ¡ T ) ;0 0 0¯

th e lin e a riz e d e q u a tio n o f sta te fo r a liq u id , w h e re
Ã ! Ã !

1 @ ½ 1 @ V
® = ¡ =

½ @ T V @ T0 0P PÃ ! Ã !
@ P @ P

¯ = ¡ V = ½0 0@ V @ ½T T
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O c c a sio n a lly , ® a n d ¯ a re d e ¯ n e d w ith re sp e c t to th e in sta n ta n e o u s v a lu e s o f v o lu m e a n d
d e n sity ,

Ã ! Ã !
1 @ ½ 1 @ V

® = ¡ =
½ @ T V @ TP PÃ ! Ã !

@ P @ P
¯ = ¡ V = ½

@ V @ ½T T

¯ is c a lle d th e b u lk m o d u lu s (th e re c ip ro c a l o f ¯ is th e c o m p re ssib ility ) a n d is a lw a y s p o sitiv e .
In h y d ra u lic sy ste m s th e b u lk m o d u lu s o f th e p u re ° u id c a n b e d ra stic a lly re d u c e d ; e .g ., fro m
e n tra in e d a ir. In te rm s o f a a n d b, th e ° u id 's b u lk m o d u lu s is g iv e n b y

21 + a P ¡ bP
¯ = :

a ¡ 2 b P

2 . V isc o sity :

F lu id s c a n n o t w ith sta n d sh e a r: a n y sh e a r fo rc e w ill re su lt in a ¯ n ite sh e a r ra te . A
N e w to n ia n ° u id is o n e fo r w h ic h th e sh e a r ra te is p ro p o rtio n a l to th e sh e a r stre ss. T h e
c o n sta n t o f p ro p o rtio n a lity is c a lle d th e a b so lu te v isc o sity , ¹ ,

¿
¹ = ;

(d u = d x )

w h e re

¿ = sh e a r stre ss
d u = c h a n g e in v e lo c ity re su ltin g fro m sh e a r stre ss

x = d ire c tio n o f sh e a r stre ss

T h e k in e m a tic v isc o sity is d e ¯ n e d b y
¹

º = :
½

T h e v isc o sity o f ° u id s in c re a se s w ith p re ssu re
Ã !

¹
lo g = c P ;1 0 ¹ 0

a n d d e c re a se s m a rk e d ly w ith te m p e ra tu re

¡ ¸ (T ¡ T )0¹ = ¹ e :0

F o r m o st p e tro le u m p ro d u c ts a t ro o m te m p e ra tu re ,

¡ 4 2c = 7 £ 1 0 in = lb :

T y p ic a l v isc o sity / b u lk m o d u lu s{ te m p e ra tu re c u rv e s a re sh o w n in F ig u re 1 .

S in c e se v e ra l u n its o f v isc o sity a re in u se , th e y sh o u ld b e c a re fu lly d e ¯ n e d :
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2² R e y n . A v e ry la rg e in c o n v e n ie n t u n it in th e E n g lish sy ste m , 1 R e y n = 1 lb s = in .

² C e n t ip o is e ( c P ) (m e tric sy ste m ). O n e c e n tip o ise is th e v isc o sity o f a ° u id su c h th a t
2a fo rc e o f 1 d y n e w ill g iv e tw o p a ra lle l su rfa c e s 1 c m a re a , 1 c m a p a rt, a v e lo c ity o f

20 :0 1 c m = s . T h e c e n tip o ise is th u s 0 :0 1 d y n e ¢ s = c m .

² C e n t is t o k e ( c S t ) . T h is is a u n it fo r k in e m a tic v isc o sity a n d it c o rre sp o n d s to th e
2c e n tip o ise d iv id e d b y th e d e n sity in c o n siste n t u n its. T h e c e n tisto k e is th u s 0 :0 1 c m = s .

² S a y b o lt U n iv e r s a l S e c o n d s . T h e S a y b o lt v isc o sim e te r is c o m m o n ly u se d to d e te r-
m in e th e v isc o sity o f p e tro le u m p ro d u c ts. T h e tim e re q u ire d fo r 6 0 m L o f th e sa m p le to
° o w th ro u g h a 0 :1 7 6 c m d ia m e te r a n d 1 :2 2 5 c m lo n g tu b e is m e a su re d a n d d e sig n a te d
S S U .

3 . T h e rm a l P ro p e rtie s:

S pecī c h ea t, C , is th e a m o u n t o f h e a t re q u ire d to ra ise th e te m p e ra tu re o f a u n it m a ssP

b y 1 d e g re e . F o r ° u id a t m o d e ra te te m p e ra tu re s C ¼ C . T h e rm a l co n d u c tivity is aP V

m e a su re o f th e ra te o f h e a t ° o w th ro u g h a n a re a fo r a te m p e ra tu re g ra d ie n t in th e d ire c tio n
o f h e a t ° o w . F o r p e tro le u m -b a se o ils:

² sp e c ī c h e a t
1

pC = (0 :3 8 8 + 0 :0 0 0 4 5 T ) ;P ¾
w h e re

oC = sp e c ī c h e a t, B T U = lb ¢ FP
o¾ = sp e c ī c g ra v ity a t 6 0 F

oT = te m p e ra tu re , F

² th e rm a l c o n d u c tiv ity
0 :8 1 3

k = [1 ¡ 0 :0 0 0 3 (T ¡ 3 2 )]
¾

2 oin B tu = h ¢ f t ¢ F ¢ in .

4 . E ® e c tiv e B u lk M o d u lu s:

T h e b u lk m o d u lu s o f a liq u id c a n b e su b sta n tia lly lo w e re d b y e n tra in e d a ir a n d / o r m e -
ch a n ic a l c o m p lia n c e . C o n sid e r th e ° u id sh o w n sc h e m a tic a lly in F ig u re 2 , w h e re th e in itia l
to ta l v o lu m e o f th e c o n ta in e r is th e su m o f th e p u re ° u id a n d e n tra in e d g a s v o lu m e s,

V = V + V :t ` g

A fte r th e p isto n m o v e s to th e le ft th e re is a d e c re a se in th e in itia l v o lu m e o f

¡ ¢ V = ¡ ¢ V ¡ ¢ V + ¢ V ;t g ` c
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w h e re

¡ ¢ V = d e c re a se in g a s v o lu m eg

¡ ¢ V = d e c re a se in liq u id v o lu m e`

¢ V = in c re a se in c o n ta in e r v o lu m ec

T h e e ® e c tiv e b u lk m o d u lu s w ill b e d e ¯ n e d a s

1 ¢ V t= ¡
¯ V ¢ Pe t

o r Ã ! µ ¶ µ ¶1 V ¢ V V ¢ V ¢ Vg g ` ` c= ¡ + ¡ + :
¯ V V ¢ P V V ¢ P V ¢ Pe t g t ` t

S in c e

V ¢ P`¯ = ¡` ¢ V `
V ¢ Pg¯ = ¡g ¢ V g

w e h a v e Ã ! Ã !
1 V 1 V 1 1g `= + + ;

¯ V ¯ V ¯ ¯e t g t ` c

w h e re
V ¢ Pt¯ =c ¢ V c

is so m e k in d o f b u lk m o d u lu s o f th e c o n ta in e r w ith re sp e c t to th e to ta l v o lu m e . ¯ c a n a lsoc

b e w ritte n a s Ã !
1 1 1 V 1 1g= + + ¡

¯ ¯ ¯ V ¯ ¯e c ` t g `

a n d sin c e
¯ À ¯` g

w e g e t
1 1 1 V 1 1g= + + ¢ >

¯ ¯ ¯ V ¯ ¯e c ` t g `

o r
¯ < ¯ :e `

T h e m o st d i± c u lt ta sk in a p p ly in g th is fo rm u la is in d e te rm in in g th e b u lk m o d u lu s o f
c o n ta in e rs d u e to m e ch a n ic a l c o m p lia n c e . T h e m a jo r so u rc e o f m e ch a n ic a l c o m p lia n c e is th e
h y d ra u lic lin e s c o n n e c tin g v a lv e s a n d p u m p s to a c tu a to rs. F o r a th in { w a lle d ste e l c y lin d e r

T E
¯ =c D
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w h e re

T = w a ll th ick n e ss
E = m o d u lu s o f e la stic ity
D = d ia m e te r

F o r a th ick c y lin d e r
E

¯ = :c 2 :5
B u lk m o d u lu s fo r a g a s is

¯ = 1 :4 Pg

w h e re P is th e p re ssu re .
5E x a m p le : F o r a p e tro le u m b a se ° u id ¯ = 2 :2 £ 1 0 p si. S u p p o se th a t th e ° u id is in sid e a`

ste e l p ip e a t p re ssu re 5 0 0 p si a n d c o n ta in s 1 % (b y v o lu m e ) o f e n tra p p e d a ir. L e t D = 6 T ;
w h a t is its ¯ ?e

T E 1 6 6¯ = = £ 3 0 £ 1 0 = 5 £ 1 0 p sic 6 T 6
¯ = 1 :4 £ 5 0 0 = 7 0 0 p sig

1 1 1 0 :0 1 ¡ 5= + + = 1 :9 0 4 £ 1 0 ) ¯ = 5 2 6 0 0 p sie6 5¯ 5 £ 1 0 2 :2 £ 1 0 7 0 0e

In th e a b se n c e o f e n tra p p e d a ir w e w o u ld g e t ¯ = 2 1 0 0 0 0 p si; in o th e r w o rd s 1 % a ir c a u se se

¯ to d e c re a se b y a fa c to r o f 4 . If th e p re ssu re P w e re 1 0 0 0 p si, th e n ¯ = 8 4 1 0 0 p si. T h ise e

is a n a d v a n ta g e th a t h ig h p re ssu re sy ste m s o ® e r.

B e c a u se e n tra in e d a ir re d u c e s th e b u lk m o d u lu s, th e n a tu ra l fre q u e n c y o f h y -
d ra u lic a c tu a to rs in se rv o sy ste m s m a y b e lo w e re d to su c h a n e x te n t th a t sy ste m
in sta b ility o c c u rs.

5 . C h e m ic a l P ro p e rtie s:

T h e m o st im p o rta n t c h e m ic a l p ro p e rtie s a re :

² T h erm a l: S o m e h y d ra u lic ° u id s w h e n h e a te d to h ig h te m p e ra tu re d e c o m p o se to fo rm
g a se o u s, liq u id , o r so lid p ro d u c ts.

² O x id a tive: R e a c tio n o f h y d ra u lic ° u id s w ith o x y g e n .

² H y d ro ly tic: R e a c tio n o f h y d ra u lic ° u id s w ith w a te r.

W ith re g a rd s to ¯ re sa fe ty :

² F la sh p o in t: T e m p e ra tu re a t w h ich v a p o rs a re fo rm e d a n d c a u se a tra n sie n t ° a m e
u n d e r th e a p p lic a tio n o f a te st ° a m e .
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² F ire po in t: T e m p e ra tu re a t w h ic h tra n sie n t ° a m e is se lf su sta in in g fo r 5 se c o n d s,
u su a lly a b o u t 5 0 d e g re e s F h ig h e r th a n ° a sh p o in t.

² A u to gen o u s ign itio n : C o n sid e ra b ly h ig h e r th a n ¯ re p o in t; te m p e ra tu re a t w h ich a
liq u id d ro p le t ig n ite s u p o n c o n ta c t w ith h e a te d a ir.

6 . S u rfa c e P ro p e rtie s:

T w o m a in ty p e s:

² F oa m in g: E m u lsio n o f g a s b u b b le s in a liq u id . A n tifo a m in g a d d itiv e s a re fre q u e n tly
a d d e d in th e h y d ra u lic ° u id .

² B o u n d a ry lu b rica tio n : It re la te s to p h y sic o ch e m ic a l re la tio n s o c c u rrin g in th in ¯ lm s a t
th e ° u id { m e ta l in te rfa c e .

7 . C h o ic e o f H y d ra u lic F lu id :

S y ste m p e rfo rm a n c e , b o th ste a d y sta te a n d tra n sie n t, is a ® e c te d b y ° u id p ro p e rtie s a s
fo llo w s:

² V isc o sity : P ip e ° o w , lu b ric a tio n , le a k a g e , sy ste m e ± c ie n c y .

² D e n sity : O rī c e ° o w , a c o u stic e ® e c ts, sy ste m e ± c ie n c y .

² C o m p re ssib ility : T ra n sm issio n ch a ra c te ristic s, sta b ility a n d re sp o n se o f c lo se d { lo o p
c o n tro l sy ste m s.

² S p e c ī c h e a t a n d th e rm a l c o n d u c tiv ity : C o m b in e d w ith v isc o sity a n d d e n sity a ® e c t
te m p e ra tu re rise a n d h e a t d issip a tio n .

² V a p o r p re ssu re : A ® e c ts c a v ita tio n e ® e c ts.

H y d ra u lic sy ste m life a n d re lia b ility a re c lo se ly a sso c ia te d w ith su ch ° u id p ro p e rtie s a s:

² B o u n d a ry lu b ric a tio n a ® e c ts w e a r in p u m p s a n d m o to rs.

² T h e rm a l sta b ility : P o o r p e rfo rm a n c e re su lts in h ig h g a s e m issio n .

² C o m p a tib ility ; i.e ., th e p ro p e rty o f th e ° u id to b e a ® e c te d o r to a ® e c t su rro u n d in g
m e ta llic a n d n o n m e ta llic m a te ria ls: P o o r p e rfo rm a n c e m a y re su lt in sid e e ® e c ts su ch
a s se a l d e te rio ra tio n .
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1 .3 F u n d a m e n t a ls o f H y d r a u lic F lo w

1 . In tro d u c tio n :

In ° u id ° o w s th e re a re fo u r ty p e s o f e q u a tio n s th a t n e e d to b e w ritte n :

1 . C o n serva tio n o f m o m e n tu m o r N e w to n 's la w re q u ire s th a t th e n e t ra te o f o u t° o w o f
m o m e n tu m in a sp e c ī c d ire c tio n x p lu s th e ra te a t w h ich m o m e n tu m a c c u m u la te s
w ith in th e c o n tro l v o lu m e b e e q u a l to th e fo rc e a p p lie d to th e c o n tro l v o lu m e in th e x
d ire c tio n , Z ZX d

F = ½ U d V + ½ u U d A :x nd t V A

In d i® e re n tia l fo rm th e sa m e p rin c ip le is e x p re sse d b y th e N a v ie r{ S to k e s e q u a tio n s a s,
Ã ! Ã !

2 2 2@ u @ u @ u @ u @ P @ u @ u @ u
½ + u + v + w = ½ X ¡ + ¹ + +2 2 2@ t @ x @ y @ z @ x @ x @ y @ z

a n d sim ila rly fo r y , z d ire c tio n s.

2 . C o n serva tio n o f m a ss o r c o n tin u ity re q u ire s th a t th e ra te o f m a ss ° o w in to a c o n tro l
v o lu m e e q u a l th e ra te o f m a ss ° o w o u t p lu s th e ra te a t w h ich m a ss a c c u m u la te s w ith in
th e c o n tro l v o lu m e , Z Zd

½ U d A + ½ d V = 0 ;n d tA V
o r

X X d (½ V )0W ¡ W = g :in o u t d t

3 . C o n serva tio n o f e n e rgy re q u ire s th a t th e in c re a se in in te rn a l e n e rg y o f a sy ste m b e
e q u a l to th e w o rk d o n e o n th e sy ste m p lu s th e h e a t a d d e d to th e sy ste m ,

Ã !Zd E d Q d W Pn x= + + + e ½ U d A ;nd t d t d t ½A

w h e re

Q = h e a t ° o w to th e c o n tro l v o lu m en

W = sh a ft a n d sh e a r w o rk d o n e o n th e sy ste mx

E = to ta l in te rn a l e n e rg y o f ° u id in sid e th e c o n tro l v o lu m e
e = to ta l in te rn a l e n e rg y p e r u n it o f m a ss;

2U
e = u + g Z + w h e re

2
u = in trin sic in te rn a l e n e rg y p e r u n it m a ss
Z = h e ig h t a b o v e a re fe re n c e p o in t

P = p re ssu re o n a n e le m e n t o f a re a a t th e su rfa c e o f th e
c o n tro l v o lu m e
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4 . C o n stitu tive rela tio n s o r e q u a tio n s o f sta te e x p re ss th e d e n sity a n d v isc o sity a s fu n c tio n s
o f te m p e ra tu re a n d p re ssu re :

½ = ½ (P ; T )
¹ = ¹ (P ; T ) :

A v e ry im p o rta n t q u a n tity o f a ° o w is th e R e y n o ld s n u m b e r, w h ic h re p re se n ts th e ra tio
o f in e rtia to v isc o u s fo rc e s a n d is d e ¯ n e d b y

½ U a U a
R e = = ;

¹ º

w h e re

U = a v e ra g e o r re fe re n c e v e lo c ity o f ° o w
a = a ch a ra c te ristic le n g th (e .g ., a d ia m e te r o r le n g th )

F o r lo w R e , th e ° o w is d o m in a te d b y v isc o sity , w e re fe r to th is a s la m in a r ° o w . F o r h ig h R e ,
th e ° o w is d o m in a te d b y in e rtia a n d is re fe rre d to a s tu rb u le n t ° o w .

F o r o n e { d im e n sio n a l, ste a d y , in c o m p re ssib le , fric tio n le ss ° o w w ith n o b o d y fo rc e s, th e
N a v ie r{ S to k e s e q u a tio n s sim p lify to

2u P
+ + Z = c o n st

2 g ½ g

T h is is B e rn o u lli's e q u a tio n a n d is a p p lic a b le a lo n g a stre a m lin e o f p o te n tia l ° o w .

2 . F lo w in P ip e s:

It c a n b e e ith e r la m in a r o r tu rb u le n t. R e y n o ld s n u m b e r is b a se d o n p ip e d ia m e te r D ,

U D
R e = :

º

In g e n e ra l,

R e < 2 0 0 0 ) la m in a r ° o w
R e > 4 0 0 0 ) tu rb u le n t ° o w :

T h e p re ssu re d ro p fo r la m in a r ° o w in c irc u la r c ro ss se c tio n s is g iv e n b y ,

P ¡ P 1 2 8 ¹1 2 = Q :4L ¼ D

F o r tu rb u le n t ° o w ,
0 :2 5 0 :7 5P ¡ P ¹ ½1 2 1 :7 5= 0 :2 4 2 Q ;4 :7 5L D
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w h e re

P ¡ P = p re ssu re d ro p , p s i1 2
3Q = v o lu m e ° o w ra te , in = s e c

L = p ip e le n g th , in
D = p ip e in sid e d ia m e te r, in

2 4½ = ° u id m a ss d e n sity , lb ¢ s e c = in
2¹ = ° u id v isc o sity , lb ¢ s e c = in

F o r la m in a r ° o w in n o n c irc u la r c ro ss se c tio n s se e F ig . 3 .

F o r tu rb u le n t ° o w s in n o n c irc u la r c ro ss se c tio n s w e c a n u se th e a b o v e e q u a tio n , b u t w ith
th e h y d ra u lic d ia m e te r D in ste a d o f D :h

4 A
D =h S

w h e re

A = ° o w se c tio n a re a
S = ° o w se c tio n p e rim e te r

F o r c ic ru la r se c tio n s, th e a b o v e fo rm u la p ro d u c e s D = D a s it sh o u ld .h

3 . F lo w th ro u g h O rī c e s:

T h e d e sig n o f v a lv e s fo r c o n tro l a n d re g u la tio n p u rp o se s a n d th e d e sig n o f p u m p s a n d
m o to rs re q u ire th e a n a ly sis o f ° o w th ro u g h ro u n d e d a n d sa rp { e d g e d o rī c e s. C o n sid e r th e
° o w th ro u g h th e o rī c e , sc h e m a tic a lly d e p ic te d in F ig u re 4 . W e d e n o te

A : o rī c e a re a0

A : stre a m a re a a t th e p o in t w h e re th e je t a re a is m in im u m :2

W e d e ¯ n e th e c o n tra c tio n c o e ± c ie n t o f th e o rī c e ,

A 2C = :c A 0

U sin g B e rn o u lli's e q u a tio n b e tw e e n p o in ts 1 a n d 2 ,

1 12 2P + ½ U = P + ½ U ;1 21 22 2

a n d th e c o n tin u ity e q u a tio n ,
Q = A U = A U ;1 1 2 2

w e g e t th e e x p re ssio n fo r th e ° o w ra te
s

2
Q = C A (P ¡ P ) ;d 0 1 2½
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w h e re th e d isch a rg e c o e ± c ie n t C is d e ¯ n e d b yd

C Cv cqC = :d
2 21 ¡ C (A = A )0 1c

T h e c o e ± c ie n t C is c a lle d th e v e lo c ity c o e ± c ie n t, a n d is a n e m p iric a l fa c to r in tro d u c e d tov

a c c o u n t fo r th e fa c t th a t, b e c a u se o f v isc o u s fric tio n , th e je t v e lo c ity is a lw a y s le ss th a t th e
th e o re tic a l v a lu e . C is n o rm a lly a ro u n d 0 :9 8 a n d c a n b e se t e q u a l to o n e in m o st p ra c tic a lv

a p p lic a tio n s. S in c e A ¿ A it fo llo w s th e n th a t C ¼ C . T h e d isch a rg e c o e ± c ie n t is0 1 d c

d i± c u lt to c o m p u te , b u t a g o o d a p p ro x im a tio n fo r m o st o rī c e s is

C ¼ 0 :6 :d

q p
2S in c e C 2 = ½ ¼ 1 0 0 in lb { s e c , th e o rī c e e q u a tio n c a n b e w ritte n a sd

q
Q = 1 0 0 A P ¡ P ;0 1 2

2 3w h e re p re ssu re s a re in p s i, o rī c e a re a is in in , a n d v o lu m e tric ° o w ra te is in in = s e c . T h e
a b o v e a p p ro x im a tio n is g o o d fo r o rī c e s o f z e ro le n g th ; fo r a n o rī c e w ith n o n { z e ro le n g th
th e d isch a rg e c o e ± c ie n t is u su a lly le ss, se e F ig u re 5 .

T h e a b o v e e x p re ssio n s a re v a lid fo r tu rb u le n t ° o w , w h ich is n o rm a lly th e c a se fo r o rī c e
° o w . F o r la m in a r ° o w ; i.e ., v e ry lo w R e y n o ld s n u m b e r, th e d isch a rg e c o e ± c ie n t is sm a lle r
a n d th e ° o w ra te is p ro p o rtio n a l to th e p re ssu re d i® e re n c e in ste a d o f th e sq u a re ro o t o f
th e p re ssu re d i® e re n c e a s in th e c a se o f tu rb u le n t ° o w . T h is is, fo r o u r p u rp o se s, th e m o st
im p o rta n t d i® e re n c e b e tw e e n la m in a r a n d tu rb u le n t ° o w s.

2 H Y D R A U L I C A C T U A T O R S

2 .1 I n t r o d u c t io n

H y d ra u lic a c tu a to rs a re u se d to c o n v e rt ° u id to m e ch a n ic a l e n e rg y a n d v ic e v e rsa ,

m o to rF lu id ¡ ! M e c h a n ic a l
p u m p

E n e rg y Ã ¡ E n e rg y

T h e re a re tw o m a in ty p e s o f h y d ra u lic a c tu a to rs:

² H y d rod y n a m ic (tu rb in e ): C o n tin u o u s ° o w fro m in le t to o u tle t. L o w p re ssu re m a ch in e s
w ith h ig h v o lu m e o u tp u t. T h e y a re u se d p rim a rily fo r a u x ilia ry fu n c tio n s a n d n o t
c o n tro l p u rp o se s.

² P o sitive d isp la ce m e n t: F lu id p a sse s th ro u g h th e in le t in to a ch a m b e r w h ic h e x p a n d s in
v o lu m e a n d ¯ lls w ith ° u id . T h e v o lu m e e x p a n sio n c a u se s sh a ft ro ta tio n in th e c a se o f a
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m o to r o r v ic e v e rsa fo r a p u m p . T h e v o lu m e o f tra p p e d ° u id is tra n sp o rte d to th e o u tle t
sid e w h e re it is d isch a rg e d . T h e y a re e x te n siv e ly u se d in c o n tro l sy ste m s a n d th e y c a n
g e n e ra te re la tiv e ly h ig h p re ssu re s a t re la tiv e ly lo w ° o w s. U n lik e h y d ro d y n a m ic p u m p s,
w h ich c a n to le ra te ° u id s w ith c o n sid e ra b le c o n ta m in a n t c o n te n t, p o sitiv e d isp la c e m e n t
p u m p s re q u ire c le a n ° u id s o f g o o d lu b ric ity a n d a d e q u a te v isc o sity .

T h e re a re th re e m a in ty p e s o f p o sitiv e d isp la c e m e n t a c tu a to rs:

² G ea r d e v ic e s a re u se d e x te n siv e ly fo r je t fu e ls, lu b ric a tin g o ils, a n d o th e r a p p lic a tio n s
2w h e re p re ssu re s u p to 1 5 0 0 lb = in su ± c e . G e a r p u m p s a re ¯ x e d d isp la c e m e n t p u m p s;

i.e ., d e liv e ry p e r re v o lu tio n c a n n o t b e ch a n g e d o v e r la rg e ra n g e s w ith g o o d re te n tio n
o f e ± c ie n c y .

² V a n e a c tu a to rs ¯ n d b ro a d u se in su ch a p p lic a tio n s a s ro a d w o rk in g m a ch in e ry , m a c h in e
2to o l a p p lic a tio n , a n d m a n y o th e r u se s w h e re p re ssu re s d o n o t e x c e e d 2 0 0 0 lb = in .
2V a ria b le d isp la c e m e n t v a n e p u m p s a re a v a ila b le b u t p re ssu re s ra re ly e x c e e d 1 5 0 0 lb = in .

2² H ig h p re ssu re g e n e ra tio n o f ° u id p o w e r in th e 3 0 0 0 to 5 0 0 0 lb= in ra n g e c a n b e a c -
c o m p lish e d b y th e p isto n a c tu a to r. E ith e r a x ia l p isto n o r ra d ia l p isto n a c tu a to rs, ¯ x e d
a n d v a ria b le d isp la c e m e n t, a re a v a ila b le .

F ig u re s 6 a n d 7 sh o w sch e m a tic a lly ty p ic a l a x ia l p isto n a c tu a to rs. T h e se u n its a re q u ite
c o m p a c t a n d p ro v id e a h ig h p o w e r v o lu m e ra tio . T h e y a re c a p a b le o f o p e ra tin g in c o n ¯ g -
u ra tio n s su c h th a t th e a n g le b e tw e e n th e d riv e sh a ft a n d th e c y lin d e r b lo c k is a d ju sta b le ,
se e F ig . 7 . A d ju stm e n t o f th is a n g le c a n c a u se th e p u m p d isp la c e m e n t to v a ry c o n tin u o u sly
fro m z e ro to m a x im u m .

2 .2 E n e r g y C o n s id e r a t io n s | I d e a l A n a ly s is

C o n sid e r a p isto n o f c ro ss se c tio n a re a A . If th e ° u id p re ssu re o n e ith e r sid e o f th e p isto n is
P a n d P , th e to ta l fo rc e o n th e p isto n is,1 2

F = A (P ¡ P ) :1 2

If w e d e n o te th e lo a d p re ssu re d ro p b y

P = P ¡ P ;L 1 2

th e w o rk d o n e b y th e p isto n d u rin g a tra n sla tio n a l m o tio n ¢ S is

¢ W = A P ¢ S = P ¢ V ;L L

w h e re ¢ V is th e v o lu m e sw e p t b y th e p isto n d u rin g th e m o tio n . T h e ° u id p o w e r is

¢ W ¢ V
P = = P = P Q ;in L L L¢ t ¢ t
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w h e re w e h a v e d e n o te d
¢ V

Q =L ¢ t
a s th e lo a d ° o w ra te .

T h e o u tp u t m e ch a n ic a l p o w e r is

¢ W T ¢ µg _P = = = T µ ;o u t g m¢ t ¢ t

w h e re

T = g e n e ra te d to rq u eg

_µ = sh a ft sp e e d o f m o to r :m

A ssu m in g n o lo sse s; i.e ., id e a l a n a ly sis,

P = Pin o u t

o r
_P Q = T µ ;L L g m

If w e d e ¯ n e
Q LD =m _µ m

a s th e d isp la cem e n t o f th e a c tu a to r, w e g e t

T = D P :g m L

W e c a n se e th a t th e d isp la c e m e n t is b y d e ¯ n itio n th e ° o w ra te p e r u n it m o tio n .

R e m a rk : T h is is tru e fo r a ro ta tin g d e v ic e . F o r a p isto n ty p e a c tu a tin g d e v ic e th e p isto n
a re a is th e p a ra m e te r a n a lo g o u s to th e d isp la c e m e n t o f a ro ta ry d e v ic e . S in c e ,

F _x = P Qg p L L

Q L = A p_x p

w e g e t
F = A P :g p L

2 .3 R e a l M o t o r A n a ly s is

T h e re a re tw o p rim a ry so u rc e s o f lo sse s in h y d ra u lic d e v ic e s: le a k a g e ° o w s a n d fric tio n .
T h e re fo re , w e c a n id e n tify tw o ty p e s o f e ± c ie n c y : v o lu m e tric e ± c ie n c y a n d to rq u e e ± c ie n c y .
W e stu d y e a c h o n e se p a ra te ly .
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1 . V o lu m e tric e ± c ie n c y : C o n sid e r ste a d y sta te ; i.e ., c o m p re ssib ility is n o t a n issu e . F ig u re s
8 a n d 9 sh o w sch e m a tic a lly th e ° o w s in a n a x ia l m o to r. If th e d isp la c e m e n t o f th e m o to r is

_D a n d th e sh a ft sp e e d µ , th e id e a l ° o w th ro u g h th e m o to r w o u ld b em m

0 _Q = D µ :m mL

C o n tin u ity g iv e s

0Q = Q + Q + Q1 im e m 1 L
0Q = Q ¡ Q + Q ;2 e m 2 imL

w h e re Q is a n in te rn a l le a k a g e ° o w a n d Q (Q ) is a n e x te rn a l le a k a g e ° o w a t th eim e m 1 e m 2

su p p ly (re tu rn ) lin e . L e a k a g e ° o w s o c c u r a t su ± c ie n tly lo w R e y n o ld s n u m b e rs so th a t th e y
a re m o d e le d a s la m in a r ° o w s. T h e re fo re , th e ° o w ra te w ill b e p ro p o rtio n a l to p re ssu re
d i® e re n c e :

Q = C (P ¡ P )im im 1 2

Q = C (P ¡ P )e m 1 e m 1 1 0

Q = C (P ¡ P ) ;e m 2 e m 2 2 0

w h e re

C = in te rn a l le a k a g e c o e ± c ie n tim

C = e x te rn a l le a k a g e c o e ± c ie n t :e m

W ith o u t lo ss o f g e n e ra lity w e c a n a ssu m e th a t a ll p re ssu re s a re g a g e p re ssu re s,

P = 0 ;0

a n d
C = C :e m 1 e m 2

T h e re fo re , w e g e t
0Q + Q = 2 Q + Q ¡ Q + 2 Q ;1 2 e m 1 e m 2 imL

o r µ ¶C e m_Q = D µ + C + P ;L m m im L2
w h e re w e h a v e d e n o te d

Q + Q1 2Q = ;L 2
th e lo a d ° o w , w h ich is a n a v e ra g e o f th e ° o w s in th e tw o m o to r lin e s.

T h e v o lu m e tric e ± c ie n c y is d e ¯ n e d a s th e ra tio o f ° o w w h ich re su lts in m o to r sp e e d (th e
id e a l ° o w ) to th e ° o w su p p lie d to th e m o to r

_D µm m´ = :v Q 1
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S in c e
_Q = D µ + (C + C )P ;1 m m e m i 1

w ith
P = P = 02 0

w e g e t
1

´ = :v C + C e mim1 + P 1_D µm m

W e c a n d e ¯ n e th e slip ° o w b y
Q = (C + C )P :s im e m 1

S in c e th e slip ° o w is la m in a r, it is in v e rse ly p ro p o rtio n a l to v isc o sity

D mQ = C Ps s 1¹

w h e re ¹
C = (C + C ) ;s e m imD m

is th e c o e ± c ie n t o f slip . T h e re fo re , th e v o lu m e tric e ± c ie n c y c a n a lso b e w ritte n a s
Ã !¡ 1C Ps 1´ = 1 + :v _¹ µ m

2 . T o rq u e e ± c ie n c y : T h e id e a lly g e n e ra te d to rq u e is

T = D (P ¡ P ) :g m 1 2

In re a lity , h o w e v e r,
T = T + T + T + T ;g d f c L

w h e re

T = lo ss d u e to ° u id fric tio n (d a m p in g )d

T = lo ss d u e to in te rn a l (m e ch a n ic a l) fric tio nf

T = lo ss d u e to se a l fric tio nc

T = w h a t's le ft o v e r { lo a d to rq u e :L

W e stu d y e a c h o n e se p a ra te ly .

T is th e to rq u e re q u ire d to sh e a r th e ° u id in th e sm a ll to le ra n c e s b e tw e e n m e -d

ch a n ic a l e le m e n ts in re la tiv e m o tio n ; it is p ro p o rtio n a l to m o to r sp e e d ,

_ _T = B µ = C D ¹ µ ;d m m d m m

w h e re

B = C D ¹ = v isc o u s d a m p in g c o e ± c ie n tm d m

C = d im e n sio n le ss d a m p in g c o e ± c ie n td

1 8



_T o se e w h y T is p ro p o rtio n a l to µ , c o n sid e r:d m

U2 3 3_ _T » ¿ L ¢ L ; ¿ = ¹ ; U » µ L ) T » ¹ µ L ; L » D :d m d m mL

_S in c e T is p ro p o rtio n a l to µ it re p re se n ts a k in d o f d a m p in g to rq u e .d m

T is th e to rq u e lo st d u rin g tra n sfo rm a tio n o f p isto n m o tio n in to ro ta ry sh a ftf

m o tio n , it is d u e to m e ch a n ic a l fric tio n .

T o e sta b lish a re la tio n sh ip fo r T , c o n sid e rf

2 3F » ¹ F ; F » (P + P )L ; T » L F » ¹ (P + P )L » ¹ D (P + P ) :f s 1 2 f f s 1 2 s m 1 2

T h e re fo re , T is p ro p o rtio n a l to D (P + P ), a n d sin c e it m u st re v e rse its d ire c tio n w ithf m 1 2

m o to r sp e e d , w e c a n w rite
_µ mT = C D (P + P ) ;f f m 1 2_jµ jm

w h e re

C = fric tio n c o e ± c ie n tf

C = sta tic fric tio n c o e ± c ie n tf s

a n d ste a d y { sta te p e rfo rm a n c e is a ssu m e d . T y p ic a l c u rv e s illu stra tin g th e tra n sitio n fro m
sta rtin g to ru n n in g fric tio n a re sh o w n in F ig u re 1 0 .

_ _T is a c o n sta n t to rq u e lo ss, it re v e rse s d ire c tio n w ith sp e e d [(µ = jµ j)T ] ju stc m m c

lik e T , a n d is u su a lly n e g le c te d .f

_A ssu m in g p o sitiv e m o to r sp e e d µ a n d su b stitu tin g , w e g e tm

_P D = C D ¹ µ + C D (P + P ) + T + T :L m d m m f m 1 2 c L

T h e to rq u e o r m e c h a n ic a l e ± c ie n c y is d e ¯ n e d b y

(a v a ila b le to rq u e ) T L´ = = :t (g e n e ra te d to rq u e ) P DL m

If w e a ssu m e P = 0 a n d n e g le c t T , w e g e t2 c

_ _P D ¡ C D ¹ µ ¡ C D P C ¹ µ1 m d m m f m 1 d m´ = = 1 ¡ ¡ C :t fP D P1 m 1

T h e o v e r{ a ll e ± c ie n c y is

_ _P T µ T D µo u t L m L m m´ = = = ¢ = ´ ´o a t vP Q P D P Qin 1 1 m 1 1

1 9



o r
_1 ¡ (C ¹ µ = P ) ¡ Cd m 1 f´ = :o a _1 + (C P = ¹ µ )s 1 m

T h e re fo re , sta tic p e rfo rm a n c e o f a m o to r w ith z e ro re tu rn p re ssu re c a n b e d e ¯ n e d b y th e
_p a ra m e te rs C , C , C , a n d th e d im e n sio n le ss q u a n tity ¹ µ = P . W e c a n se e th a t, a s F ig u res d f m 1

_1 1 d e m o n stra te s, a s th e n o n d im e n sio n a l m o to r sp e e d ¹ µ = P is in c re a se d , th e v o lu m e tricm 1

e ± c ie n c y ´ a lso in c re a se s, w h ile th e to rq u e e ± c ie n c y ´ is d e c re a se d . T h e o v e ra ll e ± c ie n c yv t

re a ch e s a n o p tim u m v a lu e fo r a c e rta in m o to r sp e e d .

R e m a rk : T h e a b o v e e x p re ssio n s a re tru e fo r m o to r. F o r a p u m p , a n a n a lo g o u s p ro c e d u re
sh o w s th a t

1 ¡ (C P = ¹ N )s 1 p´ = ;o a 1 + (C ¹ N = P ) + Cd p 1 f

w h e re th e p u m p sp e e d is d e n o te d b y N .p

2 .4 E x p e r im e n t a l R e a liz a t io n s

W e w a n t to d e te rm in e th e b a sic m o to r p e rfo rm a n c e p a ra m e te rs fro m a se rie s o f te sts. T h e
lo a d to rq u e is

T = P D ¡ (T + T + T )L L m d f c

o r h i
_T = P D ¡ C ¹ D µ + C D (P + P ) + T :L L m d m m f m 1 2 c

_\ C o n tro lla b le " p a ra m e te rs a re P , P , P = P ¡ P , µ , T , a n d P + P = P + 2 P . If w e1 2 L 1 2 m L 1 2 L 2
_k e e p P a n d µ c o n sta n t, w e g e t2 m

@ T L = D (1 ¡ C ) :m f@ P L

A s ¯ g u re 1 2 sh o w s, (T ; P ) is th e g ra p h o f a stra ig h t lin e a n d fro m th e slo p e o f th is stra ig h tL L

lin e w e c a n g e t th e q u a n tity D (1 ¡ C ).m f

In o rd e r to d e te rm in e fric tio n c h a ra c te ristic s w e u n lo a d th e m o to r (T = 0 ) a n d m e a su reL

p re ssu re d i® e re n c e a t v a rio u s re tu rn p re ssu re le v e ls,

_D P = C ¹ D µ + P C D + 2 P C D + T ;m L d m m L f m 2 f m c

o r ³ ´1 _P = C ¹ D µ + 2 P C D + T :L d m m 2 f m cD (1 ¡ C )m f

_T h e re fo re , w ith µ c o n sta n t,m
@ P 2 CL f=
@ P 1 ¡ C2 f

a n d th e sta rtin g v a lu e is a t
T c :

D (1 ¡ C )m f

2 0



W e c a n g e t th e n C fro m th is g ra p h , F ig u re 1 3 , a n d th e n o b ta in D fro m th e p re v io u sf m

e x p e rim e n t, F ig u re 1 2 .

T o m e a su re to rq u e lo sse s th a t d e p e n d o n sp e e d , w e se t a g a in T = 0 a n d P = 0 (o rL 2
_c o n sta n t), a n d m e a su re P v e rsu s µ , se e F ig u re 1 4 ,L m

@ P @ P C ¹L 1 d= = :_ _ 1 ¡ C@ µ @ µ fm m

T h e sta rtin g v a lu e is a t
T c

D (1 ¡ C )m f

a n d fro m th e slo p e o f th e c u rv e a n d th e p re v io u s re su lts w e c a n g e t C .d

M o to r le a k a g e ch a ra c te ristic s c a n b e d e te rm in e d b y lo ck in g th e m o to r sh a ft a n d se ttin g
P = 0 . T h e n a p p ly p re ssu re P a n d m e a su re th e ° o w s in th e re tu rn a n d d ra in lin e s. T h e2 1

re tu rn lin e ° o w is th e in te rn a l le a k a g e a n d th e d ra in lin e ° o w is th e e x te rn a l le a k a g e , se e
F ig u re 1 5 . T h e slo p e s o f th e se tw o c u rv e s v e rsu s P g iv e th e d e sire d c o e ± c ie n ts C a n d1 im

C .e m

2 .5 T y p ic a l H y d r a u lic P u m p C o n s t a n t s

T y p ic a l v a lu e s fo r u su a l p u m p s a re :
3U n it D (in = r e v ) C C C Tm d s f c

4 ¡ 7P isto n p u m p 3 :6 1 6 :8 £ 1 0 0 :1 5 £ 1 0 0 :0 4 5 0
4 ¡ 7V a n e p u m p 2 :8 7 :3 £ 1 0 0 :4 7 £ 1 0 0 :2 1 2 0
4 ¡ 7G e a r p u m p 2 :9 1 0 :2 £ 1 0 0 :4 8 £ 1 0 0 :1 7 9 0

3 H Y D R A U L I C C O N T R O L V A L V E S

3 .1 I n t r o d u c t io n

H y d ra u lic c o n tro l v a lv e s u se m e ch a n ic a l m o tio n to c o n tro l ° u id p o w e r. B y th ro ttlin g th e
° u id p o w e r in a sin g le o r m u ltip le { o rī c e v a lv e , th e y p ro v id e c o n tro l b y p re d ic ta b le ° o w
re stric tio n s. T h e re a re th re e m a in ty p e s o f h y d ra u lic v a lv e s:

² sp o o l v a lv e s

² ° a p p e r v a lv e s

² je t p ip e v a lv e s

a s is sch e m a tic a lly sh o w n in F ig u re 1 6 .
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S p o o l v a lv e s a re c la ssī e d a c c o rd in g to th e n u m b e r o f la n d s a n d th e n u m b e r o f w a y s
th e ° o w c a n e n te r a n d le a v e th e v a lv e , se e F ig . 1 6 . A th re e { w a y v a lv e is th e sim p le st
c o n ¯ g u ra tio n w h ich p e rm its lo a d re v e rsa l, a fo u r{ w a y v a lv e is th e m o st c o m m o n in p ra c tic e .
If th e la n d w id th is le ss th a n th e p o rt in v a lv e sle e v e , it is c a lle d a n o p e n c e n te r v a lv e o r
u n d e rla p p e d . O th e rw ise it is c a lle d c ritic a l c e n te r o r z e ro la p p e d v a lv e , a n d c lo se d c e n te r o r
o v e rla p p e d v a lv e .

T h e sin g le m o st im p o rta n t ch a ra c te ristic o f a v a lv e is th e ° o w g a in , w h ich is th e slo p e o f
th e lo a d ° o w Q v s. sp o o l stro k e x c u rv e . T y p ic a l ° o w g a in c u rv e s a re sh o w n in F ig u re 1 7 .L v

M o st fo u r{ w a y v a lv e s a re m a n u fa c tu re d w ith a c ritic a l c e n te r b e c a u se o f th e d e sira b le fe a tu re
o f th e lin e a r ° o w g a in . C lo se d c e n te r v a lv e s a re n o t d e sira b le b e c a u se o f th e \ d e a d { b a n d "
n o n lin e a rity w h ich c a n c a u se sta b ility p ro b le m s. O p e n c e n te r v a lv e s e x h ib it \ b i{ lin e a r" g a in
ch a ra c te ristic s: th e g a in a t n o n z e ro se t p o in ts is lo w e r w h ich re su lts in la rg e r ste a d y sta te
e rro rs a n d d e c re a se d b a n d w id th o r c o n tro l sy ste m re sp o n siv e n e ss. T h is is a n u n d e sira b le
fe a tu re .

S p o o l v a lv e s re q u ire c lo se a n d m a tch in g to le ra n c e s, th e re fo re su ch v a lv e s a re re la tiv e ly
e x p e n siv e a n d se n sitiv e to ° u id c o n ta m in a tio n . T h e re q u ire d to le ra n c e s fo r ° a p p e r v a lv e s
a re n o t a s stric t, a lth o u g h th e re la tiv e ly la rg e le a k a g e ° o w s o f ° a p p e rs lim it th e ir a p p lic a tio n
to lo w p o w e r le v e ls. F la p p e r v a lv e s a re u se d a lm o st e x c lu siv e ly a s th e ¯ rst sta g e v a lv e in
tw o { sta g e se rv o v a lv e s. J e t p ip e v a lv e s a re n o t u se d a s o fte n b e c a u se o f th e ir la rg e r le a k a g e
° o w s a n d slo w e r re sp o n se tim e s.

3 .2 F lo w A n a ly s is

C o n sid e r th e ty p ic a l fo u r{ w a y sp o o l v a lv e sh o w n in F ig u re 1 8 . S u p p o se th a t th e sp o o l is
g iv e n a p o sitiv e d isp la c e m e n t fro m th e n u ll o r n e u tra l p o sitio n , th a t is, th e p o sitio n x = 0 ,v

w h ich is ch o se n to b e th e sy m m e tric a l p o sitio n o f th e sp o o l in its sle e v e .

A ssu m in g ste a d y sta te , w e c a n n e g le c t c o m p re ssib ility , a n d w e d e n o te

P = su p p ly p re ssu reS

P = re tu rn p re ssu re0

P = P ¡ P :L 1 2

A ll ° o w s, in c lu d in g le a k a g e b y p a ss ° o w s, c a n b e a ssu m e d to b e o rī c e ° o w s:
q

Q = K P ¡ P1 1 S 1
q

Q = K P ¡ P2 2 S 2
q

Q = K P ¡ P3 1 2 0
q

Q = K P ¡ P4 2 1 0

w h e re s
2

K = C A i = 1 ; : : : 4 :i d i ½

2 2



A ssu m in g m a tch e d o rī c e s w e h a v e

A = A ;1 3

A = A :2 4

If th e o rī c e s a re a lso sy m m e tric a l,

A (x ) = A (¡ x )1 v 2 v

A (x ) = A (¡ x ) :3 v 4 v

T h e re fo re ,
A (0 ) = A (0 ) = A (0 ) = A (0 ) = A :1 2 3 4 0

A ssu m in g n o e x te rn a l le a k a g e a t th e lo a d , c o n tin u ity g iv e s

Q = Q ¡ Q ;L 1 4

Q = Q ¡ Q :L 3 2

T h e re fo re ,
Q ¡ Q = Q ¡ Q :1 3 4 2

A lg e b ra ic m a n ip u la tio n p ro d u c e s,

2 2 2 2Q ¡ Q = K [(P ¡ P ) ¡ (P ¡ P )] = + K (P + P ¡ P ¡ P )S 1 2 0 S 0 1 21 3 1 1
2 2 2 2Q ¡ Q = K [(P ¡ P ) ¡ (P ¡ P )] = ¡ K (P + P ¡ P ¡ P )1 0 S 2 S 0 1 24 2 2 2

2 2) K (Q ¡ Q )(Q + Q ) = ¡ K (Q ¡ Q )(Q + Q )1 3 1 3 4 2 4 22 1
2 2) (Q ¡ Q )[K (Q + Q ) + K (Q + Q )] = 01 3 1 3 4 22 1

) Q ¡ Q = Q ¡ Q = 01 3 4 2

) Q = Q1 3

Q = Q :2 4

If w e a ssu m e P = 0 a s th e b a se p re ssu re , e q u a tio n Q = Q o r Q = Q p ro d u c e s0 1 3 2 4

P = P + P ;S 1 2

a n d c o m b in in g w ith
P = P ¡ P ;L 1 2

w e c a n so lv e fo r

P + PS LP =1 2
P ¡ PS LP = :2 2

T h e su p p ly ° o w Q isS

Q = Q + Q = Q + Q :S 1 2 3 4

2 3



T o su m m a riz e , w e c a n g e t th e tw o ° o w s Q a n d Q a s:L S

s s
1 1

Q = C A (P ¡ P ) ¡ C A (P + P ) ;L d 1 S L d 2 S L½ ½
s s

1 1
Q = C A (P ¡ P ) + C A (P + P ) :S d 1 S L d 2 S L½ ½

S in c e th e o rī c e a re a s A a re fu n c tio n s o f x , w e c a n g e t th e su p p ly a n d lo a d ° o w s a s fu n c tio n si v

o f lo a d p re ssu re a n d v a lv e p o sitio n ,

Q = Q (x ; P ) ;S S v L

Q = Q (x ; P ) ;L L v L

e x p re ssio n s th a t a re q u ite n o n lin e a r.

3 .3 V a lv e C o e ± c ie n t s

W e w ish to lin e a riz e Q = Q (x ; P ) a b o u t a p a rtic u la r o p e ra tin g p o in t 1 . U sin g T a y lo rL L v L

se rie s e x p a n sio n w e g e t:
Ã ! Ã !

@ Q @ QL L¢ Q = ¢ x + ¢ P :L v L@ x @ Pv L1 1

W e d e ¯ n e :

@ Q L° o w g a in K =q @ x v
@ Q L° o w { p re ssu re c o e ± c ie n t K = ¡c @ P L

@ P KL qp re ssu re se n sitiv ity K = = :p @ x Kv c

T h e re fo re , th e lin e a riz e d e q u a tio n o f p re ssu re { ° o w c u rv e s b e c o m e s:

¢ Q = K ¢ x ¡ K ¢ P :L q v c L

W ith re g a rd s to th e a b o v e ° o w c o e ± c ie n ts:

² K a ® e c ts o p e n { lo o p sy ste m g a in a n d is m a x a t th e z e ro o p e ra tin g p o in t,q

² K a ® e c ts sy ste m d a m p in g ra tio a n d is m in a t th e z e ro o p e ra tin g p o in t.c

W ith re g a rd s to th e o p e ra tin g c u rv e s Q = Q (x ; P ):L L v L

² P is se t b y lo a d d e m a n d ,L

² Q is se t b y v a lv e stro k e a t th a t lo a d .L
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3 .4 C r it ic a l C e n t e r V a lv e s

Id e a lly , le a k a g e ° o w s a re z e ro fo r c ritic a l c e n te r v a lv e s,

Q ¿ Q2 1

Q ¿ Q4 3

fo r x > 0 . T h e re fo re ,v s µ ¶2 P ¡ PS LQ = Q = C A :L 1 d 1 ½ 2
F o r a v a lv e stro k e th e o th e r w a y , x < 0 , w e h a v ev

Q ¿ Q1 2

Q ¿ Q3 4

a n d s µ ¶2 P + PS LQ = ¡ Q = ¡ C A :L 4 d 2 ½ 2
T h e re fo re , in g e n e ra l fo r sy m m e tric a l o rī c e s,

v Ã !uux 1 xv vtQ = C jA j P ¡ P :L d 1 S Ljx j ½ jx jv v

T h e v a lv e a re a , A , is in g e n e ra l fu n c tio n o f x ,1 v

A = A (x ) ;1 1 v

o r Ã !
d A 1d A = d x ;1 vd x v

w h e re
d A 1 ´ w
d x v

a n d is c a lle d th e v a lv e a re a g ra d ie n t. In te g ra tin g th e la st e q u a tio n ,
Z x v

A ¡ A (0 ) = w d x :1 1 v
0

F o r a c ritic a l c e n te r v a lv e ,
A (0 ) = 01

a n d th e v a lv e a re a g ra d ie n t w is c o n sta n t. T h e re fo re ,

A = w x :1 v

F o r e x a m p le , fo r a c irc u la r v a lv e w ith d ia m e te r d a n d fu ll p e rip h e ry p o rts,

A = ¼ d x ) w = ¼ d ;v v
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a n d v Ã !uux 1 xv vtQ = C w jx j P ¡ P :L d v S Ljx j ½ jx jv v

T h is is th e d e sire d e q u a tio n fo r th e c ritic a l c e n te r v a lv e o p e ra tin g c u rv e s, F ig u re 1 9 .

T h e ° o w g a in is th e \ slo p e " (sp a c in g ) o f th e c u rv e s w ith re sp e c t to x fo r c o n sta n t P ,v L

s
@ Q 1LK = = C w (P ¡ P )q d S L@ x ½v

a n d th is is c o n sta n t. T h e ° o w { p re ssu re c o e ± c ie n t is th e slo p e o f th e c u rv e s w ith re sp e c t to
P a t a ¯ x e d x ,L v q

C w x (1 = ½ )(P ¡ P )@ Q d v S LLK = ¡ =c @ P 2 (P ¡ P )L S L

a n d th is d e p e n d s o n P . T h e p re ssu re se n sitiv ity c o e ± c ie n t isL

K 2 (P ¡ P )q S LK = = :p K xc v

A t th e n u ll p o in t,
Q = P = x = 0L L v

a n d
s

P SK = C wq d0 ½
K = 0 :c 0

C o m p u ta tio n s fo r ° o w g a in K a re v e ry re lia b le , th e re fo re sta b ility c h a ra c te ristic s o f h y -q

d ra u lic sy ste m s a re q u ite ro b u st. T h e c o m p u te d v a lu e s fo r th e ° o w { p re ssu re c o e ± c ie n t m a y
b e fa r fro m re a lity ; th e m a in re a so n fo r th is n o n { z e ro le a k a g e ° o w . L e a k a g e ° o w is m a x im u m
a t v a lv e n e u tra l (n u ll p o in t) a n d d e c re a se s ra p id ly w ith x a s th e sp o o l la n d s o v e rla p th ev

v a lv e o rī c e s.

3 .5 O p e n C e n t e r V a lv e s

C o n sid e r th e o p e n c e n te r v a lv e sh o w n in F ig u re 2 0 a n d su p p o se th a t v a lv e o p e ra tio n re m a in s
in th e u n d e rla p re g io n . W e a lso a ssu m e m a tch e d ,

A = A ; A = A1 3 2 4

a n d sy m m e tric a l,
A (x ) = A (¡ x ) ;1 v 2 v

v a lv e s. T h e n fo r u n d e rla p o p e ra tio n ,
jx j · Uv
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w e h a v e

A = A = w (U + x )1 3 v

A = A = w (U ¡ x )2 4 v

w h e re U is th e m a x u n d e rla p a m o u n t.

T h e ° o w th ro u g h th e v a lv e is g iv e n b y
s s

1 1
Q = C A (P ¡ P ) ¡ C A (P + P ) ;L d 1 S L d 2 S L½ ½

a n d n o rm a liz e d ,
s sµ ¶ µ ¶Q x P x PL v L v Lq = 1 + 1 ¡ ¡ 1 ¡ 1 + ;

U P U PS SC w U P = ½d S

w h ich is th e e x p re ssio n fo r th e d e sire d ° o w { p re ssu re c u rv e s. O u tsid e th e u n d e rla p re g io n ,
th e o p e n c e n te r v a lv e b e h a v e s lik e a c ritic a l c e n te r. T h e m a x im u m ° o w th ro u g h th e v a lv e is

q
Q = Q (x ; 0 ) = 2 C w U P = ½ a t x = U :L L v d S vm a x m a x m a x

N o te th a t fo r a c ritic a l c e n te r v a lv e a t x = U w e w o u ld h a v e ,v m a x

q
Q = C w U P = ½ ;L d Sm a x

h a lf a s m u c h fo r th e o p e n c e n te r.

T h e ° o w g a in is
s ss Ã !

@ Q P P PL S L LK = = C w 1 ¡ + 1 + ;q d@ x ½ P Pv S S

a n d a t th e n u ll p o in t, s
P SK = 2 C w ;q d0 ½

tw ic e th a t o f th e c o rre sp o n d in g c ritic a l c e n te r v a lv e . T h is m e a n s th a t th e slo p e o f th e in itia l
se g m e n t o f th e (Q ; x ) c u rv e o f F ig u re 1 7 is tw ic e a s m u c h a s th e su b se q u e n t se g m e n t. T h eL v

° o w p re ssu re c o e ± c ie n t is,
0 1s µ ¶ x xv v1 + 1 ¡@ Q P UL S U U@ Aq qK = ¡ = C w + :c d P PL L@ P ½ 2 PL S 1 ¡ 1 +P PS S

A t th e n u ll p o in t,
s µ ¶P USK = c w 6= 0 a s in th e c ritic a l c e n te r v a lv e .c d0 ½ P S
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T h e p re ssu re se n sitiv ity c o e ± c ie n t is

K qK =p K c

a n d a t th e n u ll p o in t

2 P SK = 6= 0 a s in th e c ritic a l c e n te r v a lv e .p 0 U

N o te th a t b y ta k in g th e lim ; i.e ., a s th e o p e n c e n te r v a lv e a p p ro a ch e s c ritic a l c e n te r, w eU ! 0

g e t th e rig h t re su lt fo r K a n d K b u t n o t fo r K . F o r th e la tte r c a se , U = 0 h a s to b ec p q0 0 0

su b stitu te d b e fo re fo rm in g th e re la tio n fo r Q .L

3 .6 F la p p e r V a lv e s

A s w e h a v e a lre a d y m e n tio n e d , th e p rim a ry a d v a n ta g e o f ° a p p e r v a lv e s is th e ir lo o se to le ra n c e
re q u ire m e n ts w h ich lo w e rs th e ir c o st. D u e to th e ir in c re a se d le a k a g e , h o w e v e r, th e ir u se is
re stric te d to lo w p o w e r a p p lic a tio n s.

C o n sid e r th e sin g le je t ° a p p e r sh o w n in F ig u re 2 1 . C o n tin u ity g iv e s,

Q = Q + Q :1 2 L

T h e o rī c e ° o w s a re s
2

Q = A C (P ¡ P ) ;1 0 d 0 S C½
o r s

¼ 22Q = D C (P ¡ P ) ;1 d 0 S C04 ½
a n d s s

2 2
Q = A C P = ¼ D (x ¡ x )C P :2 f df C N f 0 f df C½ ½

If th e lo a d is b lo ck e d ,
Q = Q1 2

w e g e t " #¡ 1µ ¶2P C AC df f= 1 + :
P C AS d 0 0

A d e sig n c rite rio n is a n e q u ilib riu m c o n tro l p re ssu re

P = 0 :5 P :C S

T h e re fo re , a t e q u ilib riu m ; i.e ., th e n u ll p o in t,

C A = C A = ) C A = C ¼ D x :df f d 0 0 d 0 0 df N f 0

2 8



S u b stitu tin g th e e x p re ssio n s fo r Q a n d Q in to1 2

Q = Q ¡ QL 1 2

w e g e t s sÃ !
Q P C ¼ D x x PL C df N f 0 f Cq = 1 ¡ ¡ 1 ¡ ;

P C A x PS d 0 0 f 0 SC A (2 = ½ )Pd 0 0 S

a n d fo r th e d e sig n c rite rio n
P = 0 :5 PC S

w e g e t s sÃ !
Q P x PL C f Cq = 1 ¡ ¡ 1 ¡ :

P x PS f 0 SC A (2 = ½ )Pd 0 0 S

T h e n u ll c o e ± c ie n ts, e v a lu a te d a t

x = Q = 0 ; P = 0 :5 Pf L C S

a re
s¯̄

@ Q PL S¯K = ¯ = C ¼ D ;q df N0 ¯@ x ½f 0 ¯̄
@ Q 2 C ¼ D xL df N f 0¯ pK = ¡ ¯ = ;c 0 ¯@ P ½ Pc S0¯̄

@ P Pc S¯K = ¯ = :p 0 ¯@ x 2 xf f 00

F o r th e d o u b le je t ° a p p e r v a lv e sh o w n in F ig u re 2 2 w e h a v e ,

Q = Q ¡ Q ;L 1 2

Q = Q ¡ Q ;L 4 3

a n d su b stitu tin g in fo r th e ° o w s,
s s

2 2
Q = C A (P ¡ P ) ¡ C ¼ D (x ¡ x ) P ;L d 0 0 S 1 df N f 0 f 1½ ½

s s
2 2

Q = C ¼ D (x + x ) P ¡ C A (P ¡ P ) :L df N f 0 f 2 d 0 0 S 2½ ½

A t th e n u ll p o in t,
C A = C ¼ D xd 0 0 df N f 0

th e y b e c o m e
s sÃ !µ ¶Q P x 2 PL 1 f 1q = 2 1 ¡ ¡ 1 ¡ ;

P x PS f 0 SC A P = ½d 0 0 S
s sÃ ! µ ¶Q x 2 P PL f 2 2q = 1 + ¡ 2 1 ¡ ;

x P Pf 0 S SC A P = ½d 0 0 S
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a n d c o m b in e d w ith
P = P ¡ PL 1 2

th e d e ¯ n e , im p lic itly , th e o p e ra tin g c u rv e s Q (x ; P ).L f L

In o rd e r to e v a lu a te th e v a lv e c o e ± c ie n ts a t th e n u ll p o in t,

x = Q = P = 0 ; P = P = 0 :5 P ;f L L 1 2 S

w e c a n lin e a riz e a ll th re e e q u a tio n s
s

P 2 C ¼ D xS df N f 0p¢ Q = C ¼ D ¢ x ¡ ¢ P ;L df N f 1½ ½ P Ss
P 2 C ¼ D xS df N f 0p¢ Q = C ¼ D ¢ x + ¢ P ;L df N f 2½ ½ P S

¢ P = ¢ P ¡ ¢ P :L 1 2

T h e re fo re , s
P C ¼ D xS df N f 0p¢ Q = C ¼ D ¢ x ¡ ¢ P ;L df N f L½ ½ P S

o r
s

P SK = C df ¼ D = sa m e a s sin g le je t ;q N0 ½
C ¼ D xdf N f 0pK = = h a lf th e sin g le je t ;c 0 ½ P S

P SK = = tw ic e th e sin g le je t :p 0 x f 0

3 .7 V a lv e F lo w F o r c e s

1 . M o m e n tu m b a la n c e : V a lv e ° o w fo rc e s a rise b e c a u se o f tw o m a in re a so n s:

² th e a c c e le ra tio n o f th e ° u id a s it p a sse s th ro u g h th e v a lv e ch a m b e rs, w ith th e v a lv e
sp o o l h e ld sta tio n a ry , a n d

² th e a c c e le ra tio n o f th e ° u id w ith in th e v a lv e ch a m b e r w h e n th e ° o w ra te is ch a n g e d .

C o n sid e r th e v a lv e c ro ss se c tio n sh o w n in F ig u re 2 3 . A p p lic a tio n o f th e m o m e n tu m
th e o re m g iv e s, Z ZZX @~ ~ ~ ~F = ½ U d v + U (½ U ¢ ~n ) d A :

@ t V A

W e d e ¯ n e th e a c c e le ra tio n le n g th b y
R ~½ U d vVL = :

½ Q
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P h y sic a lly , L re p re se n ts th e le n g th o f th e ° u id th a t is a c c e le ra te d w h e n th e ° o w ra te Q is
ch a n g e d a n d is o f th e o rd e r o f th e d ista n c e b e tw e e n th e in le t a n d o u tle t p o rts o f th e c h a m b e r.
C o n sid e rin g th e x { c o m p o n e n t o f th e to ta l fo rc e , th e m o m e n tu m e q u a tio n is w ritte n a s,

X @ Q 2F = ½ L + ½ U A c o s µ :x 22@ t

T h e ¯ rst te rm o n th e rig h t{ h a n d sid e le a d s to \ tra n sie n t ° o w fo rc e s" , a n d th e se c o n d to
\ ste a d y { sta te ° o w fo rc e s" .

2 . T ra n sie n t ° o w fo rc e s: F o r th e o rī c e ° o w ,
s

2
Q = C w x (P ¡ P ) :d v 1 2½

T h e re fo re , s " #q@ Q 2 @ x x @ (P ¡ P )v v 1 2p= C w P ¡ P + :d 1 2@ t ½ @ t @ t2 P ¡ P1 2

T h e tra n sie n t ° o w fo rc e is
@ Q

½ L :
@ t

S in c e th e ° o w m a y b e ch a n g e d b y v a ry in g e ith e r x o r P ¡ P , th e tra n sie n t ° o w fo rc ev 1 2

in v o lv e s th e ra te o f ch a n g e o f b o th o f th e se te rm s.

3 . S te a d y sta te ° o w fo rc e : R e c a ll th a t th e d isch a rg e c o e ± c ie n t C is g iv e n b y th e p ro d u c td

o f th e v e lo c ity c o e ± c ie n t, C , a n d c o n tra c tio n c o e ± c ie n t, C ,v c

C = C C ;d v c

a n d

Q
U = ;2 A 2
A = C w x :2 c v

T h e ste a d y { sta te ° o w fo rc e is th e n g iv e n b y :
2Q2½ U A c o s µ = ½ c o s µ = 2 C C w x (P ¡ P ) c o s µ :2 d v v 1 22 A 2

T y p ic a l v a lu e s o f a n g le µ v s. x c u rv e s a re sh o w n in F ig u re 2 4 .v

4 . T o ta l ° o w fo rc e : C o m b in in g th e p re v io u s e q u a tio n s, w e g e t
" #qqX @ x x @ (P ¡ P )v v 1 2pF = L C w 2 ½ P ¡ P + +x d 1 2 @ t @ t2 P ¡ P1 2

2 C C w x (P ¡ P ) c o s µ :d v v 1 2

S te a d y { sta te fo rc e s a re a lw a y s sta b iliz in g fo rc e s: th e c h a n g e in fo rc e a c c o m p a n y in g a ch a n g e
in v a lv e stro k e te n d s to re sist th a t ch a n g e . T ra n sie n t fo rc e s m a y b e e ith e r sta b iliz in g o r
d e sta b iliz in g .
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5 . F o rc e b a la n c e fo r a c ritic a l c e n te r sp o o l v a lv e : C o n sid e r a p o sitiv e (d o w n w a rd , a s in F ig -
u re 1 8 ) stro k e o f th e v a lv e . In th e u p p e r (h ig h p re ssu re ) c h a m b e r th e ° u id a c c e le ra te s u p w a rd
a n d th e re a c tio n fo rc e is d o w n w a rd in th e sa m e d ire c tio n a s th e stro k e . T h is is d e sta b iliz in g
w h e re a s in th e lo w e r (lo w p re ssu re ) c h a m b e r th e d ire c tio n s a re o p p o site a n d th e tra n sie n t
fo rc e is sta b iliz in g . T h e o p e ra tin g p re ssu re d ro p s in th e u p p e r a n d lo w e r ch a m b e rs a re P ¡ PS 1

a n d P ¡ P = P , re sp e c tiv e ly , so th a t re p e a te d a p p lic a tio n o f th e a b o v e e q u a tio n s g iv e s th e2 0 2

fo llo w in g fo rc e s d u e to th e ° o w :

² tra n sie n t, u p p e r ch a m b e r:
" #qq @ x x @ (P ¡ P )v v S 1p¡ L C w 2 ½ P ¡ P + ¢1 d S 1 @ t @ t2 P ¡ PS 1

² tra n sie n t, lo w e r ch a m b e r:
Ã !qq @ x x @ Pv v 2pL C w 2 ½ P + ¢2 d 2 @ t @ t2 P 2

² ste a d y sta te , u p p e r ch a m b e r:

2 w x C C (P ¡ P ) c o s µv d v S 1

² ste a d y sta te , lo w e r ch a m b e r:
2 w x C C P c o s µv d v 2

w h e re a n u p w a rd re a c tio n fo rc e , o p p o site to th e stro k in g fo rc e , is ta k e n a s p o sitiv e .

T h e p re ssu re d ro p s a re

1
P = (P + P ) ;1 S L2

1
P = (P ¡ P ) :2 S L2

T h e n , th e to ta l fo rc e fo r th is v a lv e is:

F = 2 w x C C (P ¡ P ) c o s µf v d v S L" #
1 @ x 1 @ Pv L+ ½ (L ¡ L )Q ¢ ¡ ¢2 1 L x @ t 2 (P ¡ P ) @ tv S L

w h e re s
P ¡ PS LQ = C w x :L d v ½

T h e ¯ rst p a rt is th e ste a d y sta te fo rc e , a n d th e se c o n d p a rt is th e tra n sie n t fo rc e .

A d d in g th e in e rtia o f th e sp o o l m a ss, M , th e stro k in g fo rc e m a y b e w ritte n a ss

2@ x @ x @ Pv v LF = M + B + K x ¡ B ;i s f f v p2@ t @ t @ t
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w h e re : q½ (L ¡ L )Q2 1 LB = = C w (L ¡ L ) ½ (P ¡ P )f d 2 1 S Lx v

is th e d a m p in g c o e ± c ie n t d u e to tra n sie n t ° o w fo rc e ;

K = 2 w C C (P ¡ P ) c o s µ ¼ 0 :4 3 w (P ¡ P )f d v S L S L

is th e sp rin g c o n sta n t d u e to ste a d y { sta te ° o w fo rc e ;
s

½ (L ¡ L )Q C w x (L ¡ L ) ½2 1 L d v 2 1B = =p 2 (P ¡ P ) 2 P ¡ PS L S L

is th e lo a d fe e d b a ck d u e to tra n sie n t ° o w fo rc e . V a lv e d y n a m ic s a re g e n e ra lly a n a ly z e d w ith
P in v a ria n t a n d o n ly th e v a lv e stro k e x a s a n in p u t. In th a t c a se th e la st te rm is n o rm a llyL v

n e g le c te d . A tte m p t is a lso m a d e to m a k e L ¼ L in o rd e r to e lim in a te th e sm a ll a n d2 1

so m e w h a t u n p re d ic ta b le e ® e c ts a sso c ia te d w ith th e tra n sie n t ° o w fo rc e s.

6 . F la p p e r v a lv e ° o w fo rc e s: In o rd e r to a p p ly th e m o m e n tu m th e o re m , c o n sid e r th e c o n tro l
v o lu m e su rro u n d in g th e in te ra c tio n re g io n a n d sh o w n w ith d a sh e d lin e s in F ig u re 2 5 . F isf

a n e x te rn a l fo rc e w h ich is a p p lie d to h o ld th e ° a p p e r in p o sitio n . T ra n sie n t ° o w fo rc e s a re
a ssu m e d to b e n e g lig ib le so th a t th e m o m e n tu m th e o re m fo r th is p ro b le m is

ZZX ~ ~ ~F = V (½ V ¢ ~n ) d A ;
A

w h e re ~n is th e o u tw a rd { p o in tin g u n it n o rm a l v e c to r a t e a ch p o in t o n th e su rfa c e A o f th e
c o n tro l v o lu m e . F o r th e u p w a rd d ire c tio n

X
F = (P ¡ P )A + Fa N f

a n d ZZ
2~ ~V (½ V ¢ ~n ) d A = ¡ u [½ u (¡ 1 )] A = ½ u A :N N

A

C o m b in in g th e se re su lts w ith
2¼ D

A = ;N 4
w e g e t

2F = (P ¡ P )A + ½ u A :f a N N

If lo sse s in th e je t su p p ly d u c t a re n e g le c te d , B e rn o u lli's e q u a tio n m a y b e u se d to g iv e

1 2P = P ¡ ½ uc 2
a n d if th e p re ssu re s a re e x p re sse d a s g a g e v a lu e s P = 0 . T h e re su lt isa

³ ´
21F = P + ½ u A :f c N2

T h e je t e x it v e lo c ity u m a y b e e x p re sse d in te rm s o f th e ° a p p e r g e o m e try b y m e a n s o f
th e d isch a rg e c o e ± c ie n t: s

Q A 2 Pf cu = = C ;dfA A ½N N
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a n d
2A1 f2 2 2 2½ u A = C P = 4 ¼ C h P :N c cdf df2 A N

T h e re fo re , Ã !2 21 6 C hdf2 2F = P A + 4 ¼ C h P = P A 1 + :f c N c c Ndf 2D N

It is im p o rta n t to re m e m b e r th a t th is e x p re ssio n is fo r th e u p w a rd fo rc e n e c e ssa ry to h o ld
th e ° a p p e r in p la c e a g a in st th e d o w n w a rd ° o w fro m th e u p p e r je t.

7 . A p p lic a tio n to th e d o u b le je t ° a p p e r: F o r th e d o u b le je t ° a p p e r sh o w n in F ig u re 2 6 th e re
a re tw o re le v a n t ° o w fo rc e s, o n e fro m e a ch je t.

T h e d o w n w a rd fo rc e o n th e ° a p p e r d u e to th e u p p e r je t is fo u n d b y su b stitu tin g

P = P ; a n d h = x ¡ x :c 1 f 0 f

W e g e t th e n ,
2 2F = P A + 4 ¼ C (x ¡ x ) P :1 1 N f 0 f 1df

S im ila rly , fo r th e u p w a rd fo rc e d u e to th e lo w e r je t

2 2F = P A + 4 ¼ C (x + x ) P :2 2 N f 0 f 2df

T h e n e t d o w n w a rd fo rc e is th e re fo re ,
h i

2 2 2F ¡ F = (P ¡ P )A + 4 ¼ C (x ¡ x ) P ¡ (x + x ) P :1 2 1 2 N f 0 f 1 f 0 f 2df

N o te th a t if
P = P1 2

th e n
F ¡ F = ¡ 1 6 ¼ C P x x ;1 2 df 1 f 0 f

in d ic a tin g th a t fo r p o sitiv e ° a p p e r d e ° e c tio n th e d y n a m ic e ® e c t o f th e ° o w d e ° e c tio n is
to c re a te a n e t u p w a rd fo rc e (d e sta b iliz in g ) o n th e ° a p p e r. In o th e r w o rd s, th e ° a p p e r is
\ a ttra c te d " to th e th ro ttle d je t u n d e r th e in ° u e n c e o f w h a t c a n b e th o u g h t o f a s a n e g a tiv e
sp rin g c o n sta n t.

If th e e x p re ssio n in th e b ra c k e ts a b o v e is e x p a n d e d , u sin g

P = P ¡ PL 1 2

w e g e t :
8 92 3Ã !2< =x xf f2 2 4 5F ¡ F = P A + 4 ¼ C x 1 + P ¡ 2 (P ¡ P )1 2 L N L 1 2df f 0 : ;x xf 0 f 0

8 92 3Ã !22< =x x x x P + Pf f 0 f 1 2f 02 24 5= P A 1 + 4 ¼ C 1 + ¡ 8 ¼ C ¢ :L N df df: ;A x A PN f 0 N L
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B y d e sig n ,
2x f 0 ¿ 1

A N

so th a t th e se c o n d te rm in th e c u rly b ra ck e ts m a y b e n e g le c te d . If th is e x p re ssio n is e v a lu a te d
n e a r c e n te r c o n d itio n s

(P + P ¼ P )1 2 S

th e ¯ n a l re su lt fo r d e sig n p u rp o se s is

2F ¡ F = P A ¡ 8 ¼ C P x x :1 2 L N S f 0 fdf

N o te a g a in th a t F ¡ F is th e n e t d o w n w a rd fo rc e ; i.e ., in th e d ire c tio n o p p o site to p o sitiv e1 2

° a p p e r m o tio n .

4 H Y D R A U L I C P O W E R E L E M E N T S

4 .1 I n t r o d u c t io n

S o fa r, w e h a v e se e n th e fo llo w in g :

1 . F lu id s/ F lo w s:

² E ® e c tiv e b u lk m o d u lu s.

² O rī c e ° o w s.

² L e a k a g e ° o w s.

² F o r la m in a r ° o w : Q » ¢ P .
p

² F o r tu rb u le n t ° o w : Q » ¢ P .

2 . A c tu a to rs:

² Id e a l.

² L o sse s: T o rq u e | F lo w .

² E ± c ie n c ie s.

3 . V a lv e s:

² S p o o l, c ritic a l c e n te r, o p e n c e n te r.

² F la p p e r.

² V a lv e o p e ra tin g c u rv e s: Q = Q (x ; P ).L L v L

² V a lv e c o e ± c ie n ts: ¢ Q = K ¢ x ¡ K ¢ P .L q v c L
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C o m b in a tio n o f v a lv e , a c tu a to r, a n d lo a d ch a ra c te ristic s p ro d u c e s th e so { c a lle d h y d ra u lic
p o w e r e le m e n t, sch e m a tic a lly sh o w n in F ig u re 2 7 . In g e n e ra l, th e re a re fo u r ty p e s o f h y d ra u lic
p o w e r e le m e n ts:

² V a lv e c o n tro lle d m o to r, V C M .

² V a lv e c o n tro lle d p isto n , V C P .

² P u m p c o n tro lle d m o to r, P C M .

² P u m p c o n tro lle d p isto n , P C P .

W e p re se n t th e a n a ly sis o f th e V C M in d e ta il in th e fo llo w in g se c tio n .

4 .2 V a lv e C o n t r o lle d M o t o r

C o n sid e r th e V C M sh o w n in F ig u re s 2 8 a n d 2 9 . W e u tiliz e th e c o n tin u ity e q u a tio n

X X d V V d P
Q ¡ Q = + ¢ ;in o u t d t ¯ d t

w h e re

V = v o lu m e
P = p re ssu re
¯ = e ® e c tiv e b u lk m o d u lu s

a n d u n lik e o u r p re v io u s a p p lic a tio n s o f c o n tin u ity , h e re w e in c lu d e c o m p re ssib ility e ® e c ts.
A p p ly in g th is e q u a tio n to F ig u re 2 8 w e g e t,

d V V d P1 1 1Q ¡ C (P ¡ P ) ¡ C P = + ¢ ;1 im 1 2 e m 1 d t ¯ d te

d V V d P2 2 2C (P ¡ P ) ¡ C P ¡ Q = + ¢ :im 1 2 e m 2 2 d t ¯ d te

W e n e e d to e x p re ss th e v o lu m e s V a n d V in te rm s o f m o to r p a ra m e te rs.1 2

W ith re fe re n c e to F ig u re 3 0 w e h a v e ,

V + V = 2 V = c o n st.1 2 0

D i® e re n tia tin g ,
d V d V1 2 _= ¡ = D µ ;m md t d t

a n d in te g ra tin g ,

V = V + f (µ ) ;1 0 m

V = V ¡ f (µ ) :2 0 m
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T h e lo a d ° o w is
Q + Q1 2Q = ;L 2

a n d su b stitu tin g in th e v a lu e s o f Q a n d Q ,1 2

µ ¶C V d (P ¡ P )e m 0 1 2_Q = D µ + C + (P ¡ P ) + ¢L m m im 1 22 2 ¯ d teÃ !
f (µ ) d P d Pm 1 2+ + :

2 ¯ d t d te

S in c e
P + P = P = c o n st.1 2 S

w e h a v e
d P d P1 2+ = 0

d t d t
a n d if w e d e n o te

V ´ 2 Vt 0

w e g e t
V d Pt L_Q = D µ + C P + ¢ ;L m m tm L 4 ¯ d te

w ith
C e mC = C + :tm im 2

F o r th e v a lv e w e h a v e ,
Q = K x ¡ K P :L q v c L

W e n e e d a lo a d d e sc rip tio n su ch th a t P is d e te rm in e d b y to rq u e re q u ire m e n ts. T h e to rq u eL

d e liv e re d to th e lo a d is P D . T h e re fo re , to rq u e b a la n c e g iv e s,L m

Ä _P D = J µ + B µ + G µ + T ;L m t m m m m L

w h e re T is a sta tic lo a d to rq u e . In su m m a ry , th e e q u a tio n s in th e s { d o m a in a reL

V tQ = D µ s + C P + P s ;L m m tm L L4 ¯ e

Q = K x ¡ K P ;L q v c L
2P D = J µ s + B µ s + G µ + T ;L m t m m m m L

o r

D µ s + K P + C P s = K x ;m m c e L c m L q v
2P D = J µ s + B µ s + G µ + T ;L m t m m m m L

w h e re

K = K + C ;c e c tm

V tC = :c m 4 ¯ e
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S y m b o lic a lly , w e c a n se e th a t w e g e t a n e x p re ssio n o f th e fo rm ,

µ = f (x ; T ) ;m v L

w h e re µ is th e o u tp u t o f th e sy ste m a n d x , T th e tw o in p u ts. S ch e m a tic a lly , th is b lo ckm v L

d ia g ra m is sh o w n in F ig u re 3 1 . A n e x p a n d e d b lo ck d ia g ra m is sh o w n in F ig u re 3 2 , w h e re
th e th re e b a sic e le m e n ts, v a lv e , m o to r, a n d lo a d c a n b e id e n tī e d . S in c e th e re a re tw o in p u ts
to th e sy ste m , w e c a n e v a lu a te tw o d istin c t tra n sfe r fu n c tio n s:

² V a lv e p o sitio n in p u t, x , T = 0 :v L

µ K = Dm q m= :1 2x s + (K + C s )(J s + B s + G )v 2 c e c m t mD m

² L o a d to rq u e in p u t, T , x = 0 :L v

1¡ (K + C s )c e c m2µ m D m= :1 2T s + (K + C s )(J s + B s + G )L c e c m t m2D m

S im p lī c a tio n s to ch a ra c te ristic e q u a tio n :
T h e g e n e ra l fo rm o f th e ch a ra c te ristic e q u a tio n is,

1 2s + (K + C s )(J s + B s + G ) = 0 :c e c m t m2D m

S p rin g lo a d s a re u su a lly n e g lig ib le ,
G = 0 ;

so " #µ ¶ µ ¶K B C Jc e m c m ts 1 + 1 + s 1 + s = 0 :2D K Bc e mm

U su a lly ,
K Bc e m ¿ 1 ;2D m

so th a t th e ch a ra c te ristic e q u a tio n b e c o m e s
( )· µ ¶ ¸K B C J J Cc e m c m t t c m2s 1 + s + + s = 0 :2D K B B Kc e m m c em

T h is h a s th e fo rm , Ã !
2s ± hs + 2 s + 1 = 0 ;2! ! hh

w h ich re p re se n ts a ty p e { 1 sy ste m w h e re
s

2D m! = ;h J Ct c m
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is th e h y d ra u lic u n d a m p e d n a tu ra l fre q u e n c y , a n d
s sÃ !

1 K J B Cc e t m c m± = + ;h 2 D C D Jm c m m t

is th e h y d ra u lic d a m p in g ra tio . R e c a ll th a t,

V tC = ;c m 4 ¯ e

a n d th e sig n ī c a n c e o f th e e ® e c tiv e b u lk m o d u lu s o n h y d ra u lic n a tu ra l fre q u e n c y is e v id e n t.
T h e h y d ra u lic sp rin g c o n sta n t is

2 2D 4 ¯ Dem mK = = ;h C Vc m t

a n d th e h y d ra u lic d a m p in g ra tio , fo r B = 0 ,m

s s
1 K J K J ¯c e t c e t e± = ¢ = :h 2 D C D Vm c m m t

T o su m m a riz e , th e tra n sfe r fu n c tio n s a re w ritte n a s:

² D u e to v a lv e p o sitio n :
K qµ m D mµ ¶= :

2x ±s hv s + 2 s + 12 !! hh

² D u e to lo a d to rq u e : ³ ´
K Vc e t¡ 1 + s2µ m D 4 ¯ Ke c emµ ¶= :

2T ±s hL s + 2 s + 12! ! hh

A t v e ry lo w ! in p u ts w e se e th a t
K q_µ ¼ x ;m vD m

so th a t th e te rm K = D is a n e x p re ssio n o f th e ste a d y sta te g a in o f th e sy ste m . F o r c ritic a lq m

c e n te r v a lv e s, ss
P PS LK = C w 1 ¡ ;q d ½ P S

so th a t th e ste a d y sta te g a in w ill d e c re a se a t lo a d s a w a y fro m n u ll. A t th e m a x im u m p o w e r
se ttin g

2
P = P ;L S3

so th a t
K q = 1 :7 3 ;

K q (m a x p o w e r)
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w h ich a m o u n ts to a 5 8 % d e c re a se in ° o w g a in fro m n u ll to m a x im u m p o w e r. T h u s a p o sitiv e
g a in m a rg in a t n u ll lo a d c o n d itio n s w ill e n su re sta b ility a t h ig h e r lo a d s. C o n v e rse ly , a sy ste m
th a t is sta b le u n d e r lo a d w ill n o t n e c e ssa rily b e sta b le u n d e r n o lo a d c o n d itio n s.

C o n sid e r th e tra n sfe r fu n c tio n d u e to lo a d to rq u e : µ = T . It is u su a lly c a lle d \ d y n a m icm L

c o m p lia n c e " sin c e ¡ T = µ is a \ sti® n e ss" . F o r slo w ly v a ry in g in p u ts w e se e th a tL m

2D m _T ¼ ¡ µ :L mK c e

2S in c e th e ra tio D = K is u su a lly v e ry la rg e , a sm a ll d e c re a se in m o to r sp e e d le a d s to a la rg ec em
in c re a se in th e re sistin g lo a d to rq u e : th is m e a n s th a t th e h y d ra u lic sy ste m is q u ite \ sti® " .

4 .3 V C M in S t a t e S p a c e

T h e g o v e rn in g e q u a tio n s a re :

² v a lv e ° o w :
Q = K x ¡ K P ;L q v c L

² m o to r ° o w d e m a n d :
_ _Q = D µ + C tm P + C P ;L m m L c m L

² lo a d d e m a n d :
Ä _P D = J µ + B µ + G µ + T :L m t m m m m L

W e e lim in a te Q a n d re a rra n g e ,L

1 __P = (¡ D µ ¡ K P + K x ) ;L m m c e L q vC c m
1Ä _µ = (¡ B µ ¡ G µ + D P ¡ T ) :m m m m m L LJ t

If w e d e ¯ n e ,
h iT_sta te v e c to r x = µ µ Pm m L
h iT

in p u t v e c to r u = x Tv L
h iT_o u tp u t v e c to r y = Q µ µ PL m m L

th e sta te sp a c e e q u a tio n s a re :
2 3 2 32 3 2 3Ä " #_µ ¡ B = J ¡ G = J D = J 0 ¡ 1 = Jµm m t t m t tm x6 7 6 76 7 6 7 v_ = 1 0 0 + 0 0 ;4 µ 5 4 54 µ 5 4 5mm T L_ ¡ D = C 0 ¡ K = C K = C 0PP m c m c e c m q c mLL
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a n d 2 3 2 3 2 32 3Q 0 0 ¡ K K 0L c q " #_µ m6 7 6 7 6 7_ 1 0 0 0 0 xµ6 7 6 76 7 6 7 vm6 7 = 6 7 + 6 7 ;4 µ 5m4 5 4 5 4 50 1 0 0 0 Tµ Lm P L0 0 1 0 0P L

o r, in c o m p a c t n o ta tio n ,

_x = A x + B u ;
y = C x + D u :

4 .4 V a lv e C o n t r o lle d P is t o n

A lth o u g h it is p o ssib le to g o th ro u g h th e a n a ly sis o f th e v a lv e c o n tro lle d p isto n (V C P ), sh o w n
in F ig u re 3 3 , in th e sa m e w a y a s fo r th e V C M , it is e a sie r to w rite th e e q u a tio n s d ire c tly b y
e n fo rc in g th e a n a lo g ie s b e tw e e n ro ta tio n a l a n d tra n sla tio n a l sy ste m s:

J Ã ! Mt t

D Ã ! A v o lu m e d isp la c e d p e r u n it m o tio nm p

µ Ã ! xm p

G Ã ! K

T h e V C P e q u a tio n s th e n a re ,

Q = K x ¡ K P ;L q v c L

V tQ = A s x + C P + s P ;L p p tp L L4 ¯ e
2A P = M s x + B s x + K x + F :p L t p p p p L

B o th sy ste m s (V C M a n d V C P ) h a v e th e sa m e in te rn a l a n d e x te rn a l le a k a g e c h a ra c te ristic s
a n d b o th sy ste m s a re c o n tro lle d b y a n id e a liz e d c ritic a l c e n te r v a lv e . W ith m o d e ra te lo a d

2d a m p in g (B K = A ¿ 1 ) a n d n o sp rin g lo a d w e h a v e :p c e p

K qV a lv e g a in c o n sta n t
A p

24 ¯ Ae p2N a tu ra l fre q u e n c y ! =h V Mt t
24 ¯ Ae pF lu id sp rin g c o n sta n t K =h V ts Ã !

K ¯ M B Vc e e t p tD a m p in g ra tio ± = +h A V 4 A ¯ Mp t p e t

T h e tra n sfe r fu n c tio n is,
2(K = A )x ¡ (K = A ) [1 + (s = 2 ± ! )] Fq p v c e h h Lpx = :p 2s [(s = ! ) + (2 ± = ! )s + 1 ]h h h
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A ll p re v io u s re m a rk s c o n c e rn in g th e re sp o n se a n d c o m p lia n c e o f th e V C M a re a p p lic a b le to
th e V C P w ith th e a p p lic a tio n o f th e se a n a lo g ie s.

4 .5 P u m p C o n t r o lle d M o t o r

P u m p c o n tro lle d m o to rs a re u se d in a p p lic a tio n s re q u irin g h ig h h o rse p o w e r. C o m p a re d to
V C M 's, h o w e v e r, th e y e x p e rie n c e slo w e r re sp o n se . In th e P C M th e v a lv e is re p la c e d b y a
v a ria b le d isp la c e m e n t p u m p a n d a re p le n ish m e n t sy ste m , a s sh o w n in F ig u re 3 4 . T h e p u m p
su p p lie s h ig h p re ssu re ° u id in re sp o n se to lo a d d e m a n d s; th e m o to r sp e e d a n d d ire c tio n o f
ro ta tio n m a y b e c o n tro lle d b y v a ry in g th e p u m p stro k e . T h e re p le n ish m e n t sy ste m m a in ta in s
a c o n sta n t lo w re tu rn p re ssu re , P . F ro m a c o n tro ls p o in t o f v ie w th e b a sic d i® e re n c e b e tw e e nr

v a lv e c o n tro l a n d p u m p c o n tro l is th a t in th e p u m p sy ste m o n ly th e h ig h p re ssu re sid e is
ch a n g e d to re sp o n d to ch a n g in g lo a d s.

T h e p u m p m u st su p p ly its o w n a n d m o to r le a k a g e ° o w s, c o m p re ssib ility ° o w s, a n d p o w e r
° o w s, a s sh o w n in F ig u re 3 5 . A p p ly in g c o n tin u ity to th e ° o w s sh o w n in th e ¯ g u re , w e g e t

V d P0 1_ _Q = D µ + (C + C )P + (C + C )(P ¡ P ) + ¢ :p m m e p e m 1 ip im 1 r ¯ d te

If w e d e ¯ n e ,

Q pD = ;p N p

D pK = ;p Á
C = C + C + C + C ;t e p e m ip im

C = C + C ;it ip im

w h e re

D = v o lu m e tric d isp la c e m e n tp

K = d isp la c e m e n t g ra d ie n t o f p u m pp

N = p u m p sp e e dp

Á = p u m p stro k e a n g le

w e g e t
V d P0 1_Q = K N Á = D µ + C P ¡ C P + ¢ :p p p m m t 1 it r ¯ d te

If T is th e to rq u e g e n e ra te d b y th e m o to r, th e to rq u e b a la n c e e q u a tio n b e c o m e s:g

T = ´ (P ¡ P )D ;g t 1 r m

Ä _T = J µ + B µ + G µ + T ;g t m m m m L
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_w h e re a n in te rn a l fric tio n fo rc e sig n (µ ) ¢ (P + P )C D h a s b e e n n e g le c te d . T h e re fo re , ifm 1 r f m

´ = 1 ,t
Ä _P D = J µ + B µ + G µ + P D + T :1 m t m m m m r m L

T o su m m a riz e , th e e q u a tio n s in th e s { d o m a in a re

V 0K N Á + C P = D s µ + C P + s P ;p p it r m m t 1 1¯ e
2P D = J s µ + B s µ + G µ + P D + T :1 m t m m m m r m L

2If w e a ssu m e G = 0 a n d B C = D ¿ 1 , th e re sp o n se ism t m

³ ´ ³ ´
K Np p C V C Vt 0 e t 0Á ¡ 1 + s T ¡ 1 + s PL r2 2D D ¯ C D ¯ Cm e t e e tm mµ ¶µ = ;m

2 ±s hs + 2 s + 12! ! hh

w h e re
s

2¯ De m! = ;h V J0 t s Ã !
1 C ¯ J 1 B Vt e t m 0± = ¢ + ¢ :h 2 D V 2 D ¯ Jm 0 m e t

U su a lly P = c o n st. a n d so w e c a n a ssu m e it to b e z e ro in th e a b o v e tra n sfe r fu n c tio n , sin c er

in re a lity it re p re se n ts ¢ P ; i.e ., d e v ia tio n s fro m a n o m in a l v a lu e .r

N o te th a t if th e v a lv e a n d p u m p sy ste m s a re o f c o rre sp o n d in g siz e s,

V ¼ 2 V ;t 0

so th a t q s p2¯ De m! 1 V 2h (P C M ) tV J t0q= = ¼ = 0 :7 0 7 :24 ¯ De m! 2 V 2h (V C M ) 0
V Jt t

T h is is b e c a u se th e ° u id sp rin g in th e h ig h p re ssu re sid e o f th e P C M is n o t b a la n c e d b y
a sp rin g o n th e lo w p re ssu re sid e a s in th e c a se o f th e V C M . T h e P C M is th u s slo w e r to
re sp o n d th a n th e V C M . A c tu a lly , V < 2 V b e c a u se v a lv e s a re sm a lle r th a n p u m p s, a n d th ist 0

a g g ra v a te s th e situ a tio n . H o w e v e r, sin c e K N is m u ch m o re c o n sta n t a n d p re d ic ta b le th a np p

K , P C M sy ste m s a re m o re p re d ic ta b le w ith th e a b o v e e x p re ssio n s. N o te a lso th a t, if B isq m

n e g lig ib le , q s¯ J1 C e tt± 1 C V Ch (P C M ) t t t2 D Vm 0q= = ¢ ¼ 0 :7 0 7 :
¯ JK e tc e± 2 K V Kh (V C M ) c e 0 c e

D Vm t

U su a lly C < K so th a t P C M 's a re le ss d a m p e d th a n V C M 's a n d o fte n re q u ire in te n tio n a lt c e

le a k a g e p a th s to in c re a se d a m p in g a n d e n su re sta b ility . F in a lly , w e n o te th e fo llo w in g a n a lo g y
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b e tw e e n V C M a n d P C M :

(V C M ) (P C M )
x Ã ! Áv

K Ã ! K Nq p p

P Ã ! PL r

K Ã ! Cc e t

4 .6 N o n lin e a r A s p e c t s

C o n sid e r th e V C P sy ste m , fo r d e m o n stra tio n . N o rm a lly , th e lin e a riz e d v a lv e e x p re ssio n

Q = K x ¡ K PL q v c L

is u se d w h e re K , K a re e v a lu a te d a t th e n u ll p o in t,q c

x = 0 ; P = 0 ; Q = 0 :v L L

F o r la rg e d e v ia tio n s fro m n o m in a l, a n o n lin e a r e x p re ssio n m u st b e e m p lo y e d . F o r a c ritic a l
c e n te r v a lv e s s

P x PS v LQ = C w x 1 ¡ ¢ :L d v½ jx j Pv S

C o n tin u ity g iv e s,
V d Pt LQ = A v + C P + ¢ :L p p tp L 4 ¯ d te

T h e sim p lī e d e q u a tio n o f m o tio n fo r th e p isto n , a ssu m in g in e rtia l lo a d o n ly , is

P A = M _v :L p t p

S u b stitu tin g ,
vs u 2uC P x M d v V M d v C M d vd S v t p t t p tp t ptw x 1 ¡ ¢ ¢ = ¢ + ¢ + vv p2 2 2 2A ½ jx j P A d t 4 ¯ A d t A d tp v S p e p p

a n o n lin e a r O D E d e sc rib in g th e V C P c o m b in a tio n . If P = P is sm a ll,L S

s
x P 1 x Pv L v L1 ¡ ¢ ¼ 1 ¡ ¢ ¢ ;

jx j P 2 jx j Pv S v S

w h ich is a b o u t 1 0 % o ® fo r P = P = 0 :6 . U sin g th is sim p lī c a tio n , th e e q u a tio n b e c o m e sL S

s
21 d v 2 ± d v C w Pp h p d S¢ + ¢ + v = x ;p v2 2! d t ! d t A ½h ph
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w h e re
s

24 ¯ Ae p! = ;h V Mt t sÃ !
C w jx j P M !d v S t h± = + C :h tp 22 P ½ 2 AS p

T h u s, a lth o u g h ± d e p e n d s o n x ; i.e ., th e o p e ra tin g p o in t, th e h y d ra u lic n a tu ra l fre q u e n c yh v

re m a in s th e sa m e . T h e se e x p re ssio n s c a n b e u se d fo r o p e ra tio n a w a y fro m n u ll.

5 E L E C T R O H Y D R A U L I C S E R V O V A L V E S

5 .1 I n t r o d u c t io n

H y d ra u lic a c tu a to rs a re id e a l fo r g e n e ra tin g p o w e r o u tp u t; w h e n it c o m e s to sig n a l m a n ip -
u la tio n a n d fe e d b a ck m e a su re m e n t, th o u g h , e le c tric a l d e v ic e s a re u su a lly th e c h o ic e . T h e
c o n n e c tio n b e tw e e n h y d ra u lic a c tu a to rs a n d e le c tric d e v ic e s is d o n e th ro u g h th e e le c tro h y -
d ra u lic se rv o v a lv e . Its fu n c tio n is to c o n v e rt lo w p o w e r e le c tric a l sig n a ls in to m o tio n o f a
v a lv e w h ich c o n tro ls ° o w to a h y d ra u lic a c tu a to r. W e h a v e tw o m a in ty p e s o f se rv o v a lv e s:

² S in g le { sta g e se rv o v a lv e : a to rq u e d ire c tly p o sitio n s a sp o o l v a lv e .

² T w o { sta g e se rv o v a v lv e : a ° a p p e r v a lv e is u se d a s a ¯ rst sta g e p re -a m p , a n d a sp o o l
v a lv e a s a se c o n d sta g e .

A c c o rd in g to th e ty p e o f fe e d b a c k u se d , w e h a v e :

² sp o o l p o sitio n fe e d b a c k ,

² lo a d p re ssu re fe e d b a ck ,

² lo a d ° o w fe e d b a ck .

5 .2 P e r m a n e n t M a g n e t T o r q u e M o t o r s

A p e rm a n e n t m a g n e t to rq u e m o to r, sc h e m a tic a lly sh o w n in F ig u re 3 6 , is th e m o st p o p u la r
d e v ic e fo r stro k in g se rv o v a lv e s fro m a n e le c tric a l sig n a l. T h e to rq u e o r fo rc e p ro d u c e d is
p ro p o rtio n a l to th e in p u t c u rre n t. W e w a n t to d e v e lo p th e to rq u e m o to r tra n sfe r fu n c tio n
b e tw e e n ,

x = o u tp u t ;
e = in p u t :g
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F o r th e in p u t a m p lī e r w e h a v e ,
e = e = ¹ e ;1 2 g

w h e re
¹ = a m p lī e r g a in :

F o r th e a rm a tu re c o ils,

2 N d Ác ae + e = 2 ¹ e = (R + r ) ¢ i + ¢ ;1 2 g c p 81 0 d t
w h e re

R = c o il re sista n c e ;c

r = a n y in te rn a l re sista n c e ;p

¢ i = i ¡ i ;1 2

2 N d Ác a¢ = in d u c e d v o lta g e d u e to c u rre n t ° o w81 0 d t
in th e m o v in g a rm a tu re ;

Á = to ta l m a g n e tic ° u x th ro u g h th e a rm a tu re :a

A s a n a sid e , w e re m in d th a t \ O h m 's L a w " fo r a m a g n e tic c irc u it is

M = Á R ;

w h e re

M = fo rc e o r m o m e n t ;
Á = m a g n e tic ° u x ;

R = re lu c ta n c e :

T h e a rm a tu re ° u x is,
x N cÁ = 2 Á + ¢ i ;a g g R g

w h e re

Á = ° u x in e a c h g a p w ith a rm a tu re a t n e u tra lg

(p e rm a n e n t ° u x ) ;
N c = ° u x d u e to c u rre n t ° o w in w in d in g s :
R g

S u b stitu tin g :
2 ¹ e = (R + r ) ¢ i + 2 K s µ + 2 L s ¢ i ;g c p b c

w h e re ,
x

µ = ;
a

a¡ 8K = 2 £ 1 0 N Á ;p c gg
2N c¡ 8L = 1 0 :c R g
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T h e a rm a tu re to rq u e is,
T = K ¢ i + K µ ;d t m

w h e re

K = a rm a tu re to rq u e c o n sta n t ;t

K = m a g n e tic to rq u e sp rin g c o n sta n t :m

M e c h a n ic a l to rq u e b a la n c e g iv e s,
2T = J s µ + B s µ + K µ + T ;d a a a L

w h e re th e ¯ rst th re e te rm s m o d e l th e a rm a tu re stru c tu re a n d th e la st te rm , T , is th e o u tp u tL

to rq u e w h ich is th e p ro d u c t o f th e a rm a a n d th e v a lv e stro k in g fo rc e . If w e e lim in a te T w ed

g e t,
2K ¢ i = J s µ + B s µ + (K ¡ K )µ + T ;t a a a m L

w h e re w e c a n se e th a t th e m a g n e tic sp rin g c o n sta n t a p p e a rs a s a n e g a tiv e sp rin g . If w e
a ssu m e th e a rm a tu re d a m p in g , B , is n e g lig ib le a n d w e e lim in a te ¢ i w e g e t th e tra n sfe ra

fu n c tio n , µ ¶1 s
K e ¡ 1 + T0 g LK ¡ K !a m aµ = ;3 2s s s

µ ¶ + µ ¶ + µ ¶ + 1K K Km m m2 2! ! 1 ¡ ! 1 ¡ ! 1 ¡a am mK K Ka a a

w h e re
2 K ¹tK = ;0 (R + r )(K ¡ K )c p a m

is th e sta tic g a in c o n sta n t,
R + rc p! = ;a 2 L c

is th e a rm a tu re c irc u it b re a k fre q u e n c y , a n d
s

K a! = ;m J a

is th e n a tu ra l fre q u e n c y o f a rm a tu re .

A sim p lī e d tra n sfe r fu n c tio n is,
µ ¶1 s

K e ¡ 1 + T0 g LK ¡ K !a m aÃ !µ = ;µ ¶ 2s s ± 0+ 1 + 2 s + 12! ! !r 00

w h e re

! ¼ ! ;r a

! ¼ ! ;0 m

1 K m± ¼ ¢ :0 2 K a
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T h e tra n sfe r fu n c tio n b e tw e e n µ a n d ¢ i is,

µ K t= :2¢ i J s + B s + (K ¡ K )a a a m

F ro m th e e x p re ssio n fo r µ w e c a n se e th a t th e ste a d y sta te sti® n e ss o f th e to rq u e m o to r to
lo a d s is in a b so lu te v a lu e , ¯̄¢ T L ¯ = K ¡ K ;a m¯¢ µ ! = 0

w h ich is le ss th a n th e m e ch a n ic a l sti® n e ss K .a

5 .3 S in g le { S t a g e E H D S e r v o v a lv e s

In th is c a se a to rq u e m o to r is d ire c tly a tta ch e d to a fo u r{ w a y sp o o l v a lv e . T h e sp o o l v a lv e
is p o sitio n e d b y th e to rq u e m o to r a n d c o n tro ls ° o w to a h y d ra u lic a c tu a to r, a s sh o w n in
F ig u re 3 7 . A lth o u g h ° a p p e r v a lv e s c a n a lso b e u se d to fo rm sin g le { sta g e v a lv e s, th e y a re n o t
su ita b le fo r d ire c t c o n tro l o f a lo a d b e c a u se o f le a k a g e ch a ra c te ristic s. T h e stro k in g fo rc e is,

2d x vF = M + 0 :4 3 w (P ¡ P )x ;i v S L v2d t

w h e re th e ¯ rst te rm is th e in e rtia fo rc e a n d th e se c o n d te rm is th e ste a d y { sta te ° o w fo rc e .
If w e lin e a riz e th e la st e x p re ssio n in P , x , w e g e tL v

2F = M s x + 0 :4 3 w (P ¡ P )x ¡ 0 :4 3 w x P :i v v S L v v L0 0

If r re p re se n ts th e ra d iu s a rm o f th e to rq u e m o to r,

x = r µ ;v

a n d th e stro k in g m o m e n t is g iv e n b y

2 2 2F r = M s r µ + 0 :4 3 w r (P ¡ P )µ ¡ 0 :4 3 r w x P :i v S L v L0 O

If,

J = a rm a tu re in e rtiaa

K = m e ch a n ic a l to rsio n sp rin g c o n sta n t o f a rm a tu re p iv o ta

th e n th e to ta l to rq u e d e v e lo p e d o n th e a rm a tu re d u e to c u rre n t in p u t is

2 2 2T = (J + r M )s µ + [K + 0 :4 3 w r (P ¡ P )]µ ¡ 0 :4 3 r w x P :d a v a S L v L0 0

T h e la st te rm , ¡ 0 :4 3 r w x P is th e lo a d to rq u e T . T h e re fo re , th e tra n sfe r fu n c tio n isv L L0

sim ila r to th e o n e p ro d u c e d in th e p re v io u s se c tio n ,
Ã !µ ¶ µ ¶2s s ± 1 s0 ³ ´+ 1 + 2 s + 1 µ = K e ¡ 1 + T ;0 g L2 K m! ! ! !r 0 aK 1 ¡0 a t K a t
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w h e re ,

2K = K + 0 :4 3 r w (P ¡ P )a t a S L 0

2 K ¹tK =0 (R + r )K (1 ¡ K = K )c p a t m a t

K a t2! =m 2J + r Ma v

a n d ! , ! , a n d ± a re th e sa m e a s b e fo re .r 0 0

N o w a ssu m e th a t th e v a lv e c o n tro ls a m o to r o f d isp la c e m e n t D w h ich , sa y . o v e rc o m e sm

so m e in e rtia J . T h e n ,t
2P D = J s µ :L m t m

T h e n th e V C M tra n sfe r fu n c tio n is,

K q

µ m D mÃ != :2x s ±v hs + 2 s + 12! ! hh

T h e re fo re , if

e = sy ste m in p u tg

µ = sy ste m o u tp u tm

th e b lo c k d ia g ra m b e c o m e s a s sh o w n in F ig u re 3 8 . W e n o te th a t b e c a u se o f th e p o sitiv e
fe e d b a ck , th e sy ste m m a y e x p e rie n c e sta b ility p ro b le m s.

T h e o p e n lo o p tra n sfe r fu n c tio n is:
µ ¶s

¡ K s 1 +1 ! aG H = ;Ã ! Ã ! µ ¶22 2s ± s ± sh 0+ 2 s + 1 + 2 s + 1 + 12! ! ! ! !h 0 0 rh

w h e re
20 :4 3 r w K x Jq v t0K = ;1 2(K ¡ K )Da t m m

a n d th e ¡ sig n is u se d to c o n v e rt th e (+ ; + ) su m m in g p o in t in to (+ ; ¡ ). S in c e e le c tro n ic
re sp o n se s a re m u c h fa ste r th a n m e ch a n ic a l re sp o n se s, ! À ! . In a d d itio n , ! ¼ ! .0 h r a

T h e re fo re ,
¡ K s1G H = :2s ± h+ 2 s + 12! ! hh

T h e c h a ra c te ristic e q u a tio n is
1 + G H = 0
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o r Ã !
2s ± h+ 2 ¡ K s + 1 = 0 ;12! ! hh

a n d fo r sta b ility w e c a n se e th a t w e m u st h a v e ,

± hK < 2 :1 ! h

N o w ,
2 20 :4 3 r w K x J 0 :4 3 r w x K K Jq v t v q c t0 0K = = ¢ ¢ ;1 2 2(K ¡ K )D K ¡ K K Da t m a t m cm m

a n d w e h a v e

K 2 (P ¡ P )q S L 0= (c ritic a l c e n te r v a lv e )
K xc v 0

K J ±c t h= 22D ! hm

0 :4 3 w (P ¡ P ) ´ KS L f0

2K = K + r K :a t a f

T h e n
22 r K 2 ±f hK = ¢ ;1 2K ¡ K + r K !a m f h

a n d fo r sta b ility
22 r K f < 1 ;2K ¡ K + r Ka m f

o r
2r K f < 1 ;

K ¡ Ka m

o r
(° o w fo rc e sp rin g ra te )

< 1 :
(n e t sp rin g ra te o f to rq u e m o to r)

In o rd e r to stu d y th e sta tic p e rfo rm a n c e o f th e se rv o v a lv e , w e a ssu m e ste a d y sta te o p e r-
a tio n ,

T = K ¢ i + K µ ;d t m
2T = K µ + 0 :4 3 w r (P ¡ P )µ :L a S L

T o rq u e b a la n c e re q u ire s
T = Td L

a n d
x Kv tµ = = ¢ i :2r K + 0 :4 3 w r (P ¡ P ) ¡ Ka S L m
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T h e v a lv e ° o w is s
1

Q = C w x (P ¡ P ) ;L d v S L½
o r s

1
C w (P ¡ P )r ¢ id S L½Q = · µ ¶¸ ;L K ¡ K Pa m L1 + K 1 ¡RK Pt S

w h e re
20 :4 3 w r P SK = :R K ¡ Ka m

L e t Q = Q w h e n ¢ i = ¢ i , P = 0 , a n d n o ° o w fo rc e (K = 0 ):L 0 m a x L R
s

r K C w ¢ i Pt d m a x SQ = :0 K ¡ K ½a m

T h e n th e ° o w { p re ssu re c u rv e s fo r th e sin g le { sta g e se rv o v a lv e a re w ritte n a s:
s

P L1 ¡Q ¢ iPL S= µ ¶ ¢ :PQ ¢ iL0 m a x1 + K 1 ¡R P S

5 .4 T w o { S t a g e S e r v o v a lv e w it h P o s it io n F e e d b a c k

S in g le { sta g e se rv o v a lv e s a re re la tiv e ly sim p le a n d in e x p e n siv e b u t h a v e tw o m a jo r fa u lts.
T h e ° o w c a p a c ity is lim ite d b e c a u se ste a d y sta te ° o w fo rc e s o n th e sp o o l te n d to sta ll th e
to rq u e m o to r a n d lim it th e v a lv e stro k e . T h e o th e r d isa d v a n ta g e is th e fa c t th a t sta b ility
d e p e n d s to a la rg e e x te n t o n th e lo a d d y n a m ic s. A lth o u g h th is c a n b e m in im iz e d b y p ro p e r
se rv o v a lv e d e sig n , e a c h c a se sh o u ld b e in v e stig a te d to a ssu re sta b ility . T w o { sta g e se rv o v a lv e s
o v e rc o m e th e se d isa d v a n ta g e s o f lim ite d ° o w c a p a c ity a n d in sta b ility . T h e m o st c o m m o n
ty p e a re tw o { sta g e se rv o v a lv e s w ith p o sitio n fe e d b a ck . T h is c a n b e a ch ie v e d in tw o b a sic
w a y s: d ire c t p o sitio n fe e d b a ck a s sh o w n in F ig u re 3 9 , a n d fo rc e fe e d b a ck w h e re w e u se a
sp rin g to c o n v e rt p o sitio n to a fo rc e sig n a l w h ich is fe d b a ck to th e to rq u e m o to r.

C o n sid e r th e tw o { sta g e se rv o v a lv e w ith ° a p p e r{ n o z z le p ilo t sta g e a n d d ire c t p o sitio n
fe e d b a ck o f F ig u re 3 9 . T h e b a sic to rq u e { m o to r tra n sfe r fu n c tio n is u n ch a n g e d ,

µ ¶1 s
K e ¡ 1 + T0 g LK ¡ K !a e m aÃ !µ = ;µ ¶ 2s s ± 01 + + 2 s + 12! ! !r 00

w h e re

K = m e ch a n ic a l p lu s ° o w fo rc e sp rin g c o n sta n ta e
2 2K = K ¡ r (8 ¼ C P x ) :a e a S f 0df
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W h a t w e n e e d is th e tra n sfe r fu n c tio n

µ µm m= :
x r µf

T o rq u e m o to r/ F la p p e r v a lv e
T h e to ta l fo rc e o n th e ° a p p e r is X

F = F ¡ F1 2

a n d th is is th e fo rc e d u e to p re ssu re in b a la n c e p lu s th e fo rc e d u e to je t d e ° e c tio n ,

2F ¡ F = A P ¡ 8 ¼ C x x P :1 2 N L f 0 f SdfP

C o n sid e r a m o tio n o f th e ° a p p e r to th e le ft (x > 0 ). T h is c a u se s th e le ft h a n d ° o w to b ef

re stric te d a n d th e p re ssu re d i® e re n tia l P = P ¡ P > 0 . T h e re fo re , th e p re ssu re fo rc eL 1 2P P P

is re sto rin g (to th e rig h t). S in c e th e ° a p p e r n o z z le s a re b u ilt in to th e v a lv e , th e n e t ° a p p e r
m o tio n is (x ¡ x ) a n d th is m u st re p la c e x in th e a b o v e e x p re ssio n :f v f

2F ¡ F = A P ¡ 8 ¼ C x P (x ¡ x ) :1 2 N L f 0 S f vP df

T h e to rq u e is

2 2(F ¡ F )r = r A P + 8 ¼ r C x P x ¡ 8 ¼ r C x P x ;1 2 N L f 0 S v f 0 S fP df df

2w h e re th e ¯ rst tw o te rm s in th e rig h t h a n d sid e (r A P + 8 ¼ r C x P x ) re p re se n t TN L f 0 S v LP df
a n d th e la st te rm is u se d to re d e ¯ n e K , th e a rm a tu re sp rin g ra te .a

In o rd e r to g o fro m th e ° a p p e r to th e sp o o l v a lv e :

x = o u tp u tv

x ¡ x = in p u t:x v

T h e tra n sfe r fu n c tio n b e tw e e n x a n d x ¡ x c o n ta in s a q u a d ra tic te rm (d u e to th e h y d ra u licv f v

n a tu ra l fre q u e n c y a n d d a m p in g ra tio ) a n d a ¯ rst{ o rd e r la g d u e to th e ° a p p e r:

K q p

x ! Av f vÃ ! Ã != :2x ¡ x s s ±f v h p+ 1 + 2 s + 12! ! !f h ph p

T o g o fro m x to P , w e u se fo rc e b a la n c e :v L P

2d x vP A = M + 0 :4 3 w (P ¡ P )x :L v v S L vP 2d t

If w e lin e a riz e a ro u n d P = 0 , w e g e tL 0

2A P = M s x + 0 :4 3 w P x ¡ 0 :4 3 w x P :v L v v S v v L0P
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F in a lly , w e g o to th e h y d ra u lic m o to r a n d th e in e a rtia l lo a d ,

2P D = J s µ ;L m t m

K q

µ m D mÃ != :2x s ±v hs + 2 s + 12! ! hh

B a se d o n th e a b o v e e q u a tio n s, w e c a n d ra w th e b lo ck d ia g ra m o f th e c o m p le te sy ste m a s
sh o w n in F ig u re 4 0 .

B lo ck d ia g ra m a n a ly sis
T h e re a re tw o m a in fe e d b a ck lo o p s:

G : a sp o o l p o sitio n in g lo o p1

G H : a p re ssu re fe e d b a ck lo o p :2 2

W e h a v e :

x Gv 1= ;
x 1 + Gf 1

K q p

! Af vÃ ! Ã !G = :1 2s s ± h p1 + + 2 s + 12! ! !f h ph p

If ! ¿ 1 th e n ,f
K q p

A vÃ !G = ;1 2s ± h ps + 2 s + 12! ! h ph p

a n d th e re q u ire m e n t fo r sta b ility is

K v p < 2 ± ;h p! h p

w h e re
K q pK = ;v p A v

is th e v e lo c ity sta tic e rro r c o e ± c ie n t.

If ! ¿ ! b u t n o t z e ro , th e n th e ch a ra c te ristic e q u a tio n isf h p

1 + G = 0 ;1

o r Ã ! Ã !
3s ! ± ± !f h p h p f2+ + 2 s + 1 + 2 s + (! + K ) = 0 :f v p3 2! ! ! !h p h ph p h p
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T h e c o n d itio n fo r sta b ility is
Ã ! Ã !

! ± ± ! 1f h p h p f+ 2 1 + 2 ¡ (! + K ) > 0 ;f v p2 2! ! ! !h p h ph p h p

o r Ã ! Ã !
K ! ! !v p f f f+ < + 2 ± 1 + 2 ± ;h p h p! ! ! !h p h p h p h p

o r 2 3Ã !2K ! !v p f f4 5< 2 ± 1 + 2 ± + ;h p h p! ! !h p h p h p

a n d to ¯ rst{ o rd e r in ! = ! ,f h p

Ã !
K !v p f< 2 ± 1 + 2 ± :h p h p! !h p h p

N e x t w e c o n sid e r th e p re ssu re fe e d b a ck lo o p . A re d u c e d b lo c k d ia g ra m fo r th is is sh o w n
in F ig u re 4 1 . S im lī c a tio n o f th is re su lts in

G 11 Ã ! " Ã ! #¼ ;21 + G s s 1 K1 v p+ 1 + 2 ± ¡ s + 1h p2K ! ! !v p h p h ph p

w h ich re q u ire s th a t
K v p2 ± ¼ ;h p ! h p

a n d Ã !
20 :4 3 w P s ±S h¡ 2 s + 12P A ! !v hL h¼ ;2s ±x hv + 2 s + 12! ! hh

w h ich re q u ire s th a t
0 :4 3 w P S! ¿ :h M v

If, fu rth e rm o re ,
K ¿ ! ;v p h p

th e n
G 11 ¼ ;s1 + G 1 + 1

K v p

a n d
P2 2 2 Lr (8 ¼ C P x + r AS f 0 Nf x v

K ¡ Ka e mÃ ! Ã !G H = :2 2 2s s ± 0+ 1 + 2 s + 12K ! !v p 00
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T h e m a x im u m v a lu e o c c u rs n e a r ! À K , a n d0 v p

P PL S¼ 0 :4 3 w :
x Av v

T h e e ® e c t o f th e fe e d b a c k lo o p m a y th e re fo re b e m in im iz e d b y e n su rin g th a t:

2 2 2r (8 ¼ C P x ) + (A = A )(0 :4 3 w r P )S f 0 N v SfjG H j = < 1 :2 2 m a x K ¡ Ka e m

W ith th e p re ssu re fe e d b a ck lo o p th u s m in im iz e d , w e m a y a p p ro x im a te th e se rv o v a lv e b y
(Q = K x fo r th e n o lo a d , P = 0 , ° o w ):L q v L

Q K x K K r GL q v q 0 1Ã != = ¢µ ¶ 2e e s s ± 1 + Gg g 0 1+ 1 + 2 s + 12! ! !r 00

r K K0 qÃ ! Ã !¼ ;2s s ± 01 + + 2 s + 12K ! !v p 00

fo r ! la rg e .r

S te a d y S ta te P e rfo rm a n c e
W e in te rp re t th e b lo c k d ia g ra m o f F ig u re 4 0 fo r lo w fre q u e n c y in p u ts. T h e to rq u e m o to r is

T xL fµ = K e ¡ = :0 g K ¡ K ra e m

T h e sp o o l p o sitio n is g iv e n b y
x fx = ;v A !v f1 +

K q p

w h e re
0 :4 3 w P KS c p! = ;f 2A v

a n d
A ! 0 :4 3 w P K 0 :4 3 w Pv f S c p S= ¢ = :

K A K A Kq p v q p v p p

B y d e ¯ n itio n ,
P SK = ;p p x f 0

a n d
A ! 0 :4 3 w x xv f f 0 f 0= = 4 £ 0 :4 3 :

K A dq p v v

S in c e
x ¿ d ;f 0 v
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it fo llo w s th a t a t ste a d y sta te
x ¼ x :v f

T h e lo a d to rq u e is µ ¶A N2T = r 8 ¼ C P x + ¢ 0 :4 3 w P x :L S f 0 S vdf A v

If w e c o m b in e th e a b o v e e q u a tio n s a n d e lim in a te T , x , w e c a n so lv e fo rL f

x r K (K ¡ K )v 0 a e m³ ´= ;
A2 Ne g (K ¡ K ) + r 0 :4 3 w Pa m SA v

w h e re w e h a v e su b stitu te d
2 2K = K ¡ r (8 ¼ C P x ) :a e a S f 0df

T h e ste a d y { sta te v o lta g e to c u rre n t ra tio is

¢ i 2 ¹ K (K ¡ K )0 a e m= = :
e R + r Kg c p t

If w e u se
P S2K = 0 :4 3 w r ;R K ¡ Ka m

w e g e t

x x e r Kv v g t³ ´= ¢ =
A2 N¢ i e ¢ ig (K ¡ K ) + r 0 :4 3 w Pa m SA v

r K t³ ´= :
A N(K ¡ K ) 1 + Ka m R A v

If
A NK ¿ 1 ;R A v

it fo llo w s th a t
x r Kv t= :
¢ i K ¡ Ka m

T h e lo a d ° o w is
s µ ¶ q1 C w xd vQ = C w x (P ¡ P ) = ¢ i P ¡ P :pL d v S L S L½ ½ ¢ i

If w e d e ¯ n e µ ¶C w xd vK = ;p1 ½ ¢ i

a n d q
Q = K ¢ i P ;L 1 m a x Sm a x
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w e g e t th e e q u a tio n fo r th e ° o w { p re ssu re c u rv e s
s

Q ¢ i PL L= 1 ¡ :
Q ¢ i PL m a x Sm a x

C o m p a riso n w ith sin g le sta te v a lv e :
W e h a v e

A N1 + K R(Q )L sin g le sta g e A v= µ ¶ :P(Q ) LL tw o sta g e 1 + K 1 ¡R P S

If
A NK ¼ 1 a n d ¿ 1R A ¡ v

it fo llo w s
(Q )L 1sin g le sta g e = :P(Q ) LL tw o sta g e 2 ¡

P S

S in c e P < P w e c a n se e th a tL S

(Q ) < (Q ) ;L L tw o sta g esin g le sta g e

w h ich sh o w s th a t sin g le sta g e se rv o v a lv e s h a v e lim ite d ° o w c a p a c ity c o m p a re d to tw o sta g e
v a lv e s.

6 E L E C T R O H Y D R A U L I C S E R V O M E C H A N I S M S

A sch e m a tic re p re se n ta tio n o f th e m a te ria l c o v e re d so fa r is sh o w n in F ig u re 4 2 . In c o rp o ra tio n
o f e x te rn a l fe e d b a ck to th e se rv o v a lv e / V C M p ro d u c e s th e so { c a lle d se rv o m e c h a n ism , w h ich
is th e su b je c t o f th is c h a p te r.

6 .1 D e s ig n C o n s id e r a t io n s

1 . S u p p ly P re ssu re : S o m e o f th e re le v a n t fe a tu re s a re :

² H ig h p re ssu re re su lts in :

{ L o w sy ste m sp e c ī c w e ig h t.

{ S m a lle r tra p p e d v o lu m e s.

{ H ig h b u lk m o d u lu s.

{ B e tte r (fa ste r) re sp n se .
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{ W o rse sta b ility .

² L o w p re ssu re re su lts in :

{ L o w le a k a g e .

{ L o w th e rm a l lo sse s.

{ L o w c o st.

{ L o w m a in te n a n c e .

2 . P o w e r: N e g le c tin g in e ± c ie n c ie s, th e p o w e r P is

P = P Q ;L L

a n d s
1

Q = C w x (P ¡ P ) :L d v S L½
M a x im u m p o w e r tra n sfe r to th e lo a d o c c u rs a t

2
P = P :L S3

W e c a n se e th a t w e h a v e n o p o w e r in tw o c a se s:

1² P = 0 ; i.e ., a ll m o tio n , n o p u sh (P = P = P );L 1 2 S2

² P = P o r Q = 0 ; i.e ., a ll p u sh n o m o tio n (P = P ; P = 0 ).L S L 1 S 2

3 . A c tu a to r: It m u st b e la rg e e n o u g h to h a n d le lo a d s d u rin g o p e ra tio n . T h e h y d ra u lic
n a tu ra l fre q u e n c y m u st b e la rg e e n o u g h to a v o id p o te n tia l re so n a n c e .

34 . G e a r R a tio : S u p p o se w e n e e d a 1 0 in = r e v d isp la c e m e n t. T h e re is a n u m b e r o f w a y s to
a c h ie v e th is. W e c a n u se :

3² 1 0 in = r e v m o to r w ith d ire c t d riv e (g e a r ra tio n = 1 ),

3² 5 in = r e v m o to r w ith 2 : 1 g e a r ra tio n ,

3² 2 in = r e v m o to r w ith 5 : 1 g e a r ra tio n .

A s n is d ec rea sed :

² to rq u e to in e rtia ra tio is in c re a se d (th e le ss in e rtia th e b e te r),

² m in im iz e n o n lin e a r e ® e c ts,

² b e tte r sti® n e ss,
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² lo w e r o p e ra tin g sp e e d s ) b e tte r re lia b ility .

A s n is in crea sed :

² h y d ra u lic n a tu ra l fre q u e n c y is in c re a se d ,

² sm a lle r m o to r ) le ss c o st.

T h e b e s t g e a r r a t io is t h e s m a lle s t r a t io w h ic h w ill g iv e la r g e e n o u g h
( a d e q u a t e ) h y d r a u lic n a t u r a l fr e q u e n c y .

T h e re a re tw o b a sic c o n ¯ g u ra tio n s o f e le c tro h y d ra u lic se rv o m e ch a n ism s:

² p o sitio n c o n tro l, a n d

² v e lo c ity c o n tro l.

6 .2 P o s it io n C o n t r o l S e r v o s

T h e b a sic p ie c e o f a d d itio n a l in fo rm a tio n is th e e rro r sig n a l d e riv e d fro m p o sitio n fe e d b a ck
a n d g e n e ra te d b y sy n ch ro n o u s m o to rs. T h e re a re , ty p ic a lly , tw o g a in s in v o lv e d a s sh o w n in
F ig u re 4 3 ,

e ssy n ch ro g a in K = ;e µ ¡ µr c
e ge rro r a m p lī e r g a in K = :d e s

T h e c o m p le te b lo ck d ia g ra m is sh o w n in F ig u re 4 4 . W e h a v e th e fo llo w in g in d iv id u a l
tra n sfe r fu n c tio n s:

e g = K K ;e dµ e
x Kv sÃ != ;µ ¶ µ ¶ 2e s s s ±g 0+ 1 + 1 + 2 s + 12! ! ! !1 2 00Ã !

K K V Tq c e t Lx ¡ 1 + sv 2D D 4 ¯ K nm e c emÃ !µ = ;m 2s ± hs + 2 s + 12! ! hh

µ 1c = :
µ nm
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T h e o p e n lo o p g a in fu n c tio n is

K vÃ ! Ã !A = :u µ ¶ µ ¶ 2 2s s s ± s ±0 hs + 1 + 1 + 2 s + 1 + 2 s + 12 2! ! ! ! ! !1 2 0 h0 h

N e g le c tin g a ll re so n a n c e s h ig h e r th a n ! , a n d a ssu m in g th a t th e re a re n o n e lo w e r,h

K vÃ !A = ;u 2s ± hs + 2 s + 12! ! hh

w h e re
K 1qK = K K K ¢ ¢ ;v e d s D nm

is th e v e lo c ity e rro r c o e ± c ie n t. T h e re fo re , w e h a v e a ty p e { 1 sy ste m , w ith p o sitio n e rro r

e = 0 ;p

a n d v e lo c ity e rro r,
1

e = :v K v

T h e c o n d itio n fo r sta b ility c a n b e e a sily o b ta in e d ,

K < 2 ± ! :v h h

T h e re sp o n se o f th e c lo se d { lo o p p o sitio n c o n tro l sy ste m is:

µ A 1c u Ã != = ;2µ 1 + A s s ±r u h+ 2 s + 1 + 12K ! !v hh

o r
µ 1c Ã !¼ ;µ ¶ 2µ s s ±r ´ c+ 1 + 2 s + 12! ! !b ´ c´ c

w h e re

! ¼ K ;b v

! ¼ ! ;´ c h

K v± ¼ ± ¡ :´ c h 2 ! h

B a n d w id th : U su a lly d e ¯ n e d a s th e fre q u e n c y a t w h ic h th e a m p litu d e ra tio fa lls to 0 :7 0 7 (3
d b d o w n ) o f its lo w fre q u e n c y v a lu e ,

¯ ¯¯ ¯µ 1c¯ ¯ p¯ =̄ = ¡ 3 d b :¯ ¯µ 2r
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In o u r c a se , ¯ ¯¯ ¯µ 1c¯ ¯¯ =̄ :8 9 1 = 22 3¯ ¯ 2" # Ã ! Ã !µ r > >1 = 2 2 2µ ¶ < =2! ! ± !´ c4 51 + 1 ¡ + 2> >! ! !: ;b ´ c ´ c

F o r ! < ! , th e re sp o n se m a y b e a p p ro x im a te d b yb

¯ ¯¯ ¯µ 1c¯ ¯ r¯ ¼̄ ;³ ´¯ ¯ 2µ r !1 + ! b

a n d fo r th e b a n d w id th ,
1 1

rp = ;³ 2́2 !1 + ! b

o r
K q! ¼ ! ¼ K = K K K ;b v e d s n D m

w h ich m e a n s th a t ! is th e b a n d w id th . W e c a n se e in it th e in ° u e n c e o f se v e ra l fa c to rs,b

K : sy n ch ro o u tp u t g a in ;e

K : sy n ch ro a m p lī e r ;d

K : se rv o v a lv e p o w e r a m p lī e r ;s

K q : v a lv e / m o to r g a in c o n sta n t ;
D m

1
: g e a r ra tio e ® e c t :

n

6 .3 V e lo c it y C o n t r o l S e r v o s

A ssu m in g th a t ! is th e o n ly d o m in a n t fre q u e n c y , w e c a n c o n stru c t th e a p p ro x im a te b lo ckh

d ia g ra m sh o w n in F ig u re 4 5 . T h e o p e n lo o p tra n sfe r fu n c tio n is,

K 0A = :v u 2s ± h+ 2 s + 12! ! hh

W e c a n se e th a t w e h a v e a ty p e { 0 sy ste m w ith p o sitio n e rro r c o e ± c ie n t,

1
e = ;p 1 + K 0

w h e re th e o p e n lo o p g a in c o n sta n t is

K qK = K = K K K :0 p e s t D m
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A B o d ¶e d ia g ra m is sh o w n in F ig u re 4 6 . T h e m a g n itu d e is

K pjA j = ;8 9v u 1 = 2" # Ã !2 2µ ¶< 2 =! 2 ± !h1 ¡ +: ;! !h h

a n d th e p h a se a n g le
!

2 ± h !¡ 1 hÁ = ¡ ta n :µ ¶2!
1 ¡

! h

T h e sy ste m is sta b le o n ly b e c a u se lo o p d y n a m ic s a re so sim p ly re p re se n te d . T h e p h a se
m a rg in is d a n g e ro u sly sm a ll, e sp e c ia lly if ± is sm a ll. O th e r la g s, su ch a s th o se a sso c ia te dh

w ith th e se rv o v a lv e c a n e a sily d e sta b iliz e th e lo o p . T h e re fo re :

E le c tro h y d ra u lic v e lo c ity c o n tro l se rv o s m u st a lw a y s b e c o m p e n sa te d to e n su re
sta b ility if o p e ra tin g a b o u t n u ll.

T h e c lo se d lo o p re sp o n se is g iv e n b y ,
_µ A Km v u p= = :2_ s ±1 + Aµ hv um r + 2 s + (K + 1 )p2! ! hh

T h e ste a d y { sta te re sp o n se to a ste p in p u t is:
Ã !_µ Km p= ;_ K + 1µ pm r ss

a n d Ã !_µ K 1e p= 1 ¡ = :_ K + 1 K + 1µ p pm r ss

N o te th a t u n le ss K is v e ry la rg e (w h ic h is p ro h ib ite d fo r sta b ility re a so n s), th e re is a lw a y s ap

ste a d y { sta te o ® se t g iv e n b y 1 = (K + 1 ). T h is o ® se t d e p e n d s u p o n K w h ic h , in tu rn d e p e n d sp q

u p o n th e o p e ra tin g p o in t. C o m p e n sa tio n , is th e re fo re n e e d e d .

C o m p e n sa tio n m a y a lso b e n e e d e d in p o sitio n c o n tro l se rv o s, a s F ig u re 4 7 d e m o n stra te s.
If th e re so n a n t p e a k o f th e q u a d ra tic rise s a b o v e u n ity g a in , th e n th e sy ste m b e c o m e s u n sta b le
sin c e th e c ritic a l p o in t o f th e N y q u ist d ia g ra m w o u ld b e e n c irc le d . E v e n if sta b ility w e re n o t
a n issu e , c o m p e n sa tio n w o u ld b e h ig h ly d e sira b le to ra ise th e v a lu e o f K so th a t ste a d y { sta tev

e rro r is re d u c e d .

6 .4 C o m p e n s a t io n

C o m p e n sa tio n is o fte n u se d in se rv o m e ch a n ism s to in c re a se lo w fre q u e n c y g a in o r, a s in
v e lo c ity c o n tro l se rv o s, to d e c re a se lo w fre q u e n c y g a in to e n su re sta b ility . A c o m m o n m e th o d
is to in tro d u c e a la g c o m p e n sa tio n n e tw o rk a t a n a p p ro p ria te lo c a tio n in th e lo o p .
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S u c h n e tw o rk s a re c o n stru c te d b a se d o n th e sch e m a tic e le c tric a l n e tw o rk o f F ig u re 4 8 .
T h e re le v a n t e q u a tio n s a re :

e ¡ e = (® ¡ 1 )R i ;i o
Z1

e iR + i d t ;o C
o r

e 1 + R C so = :
e 1 + ® R C si

D e ¯ n in g
1

! = ;r c R C
w e g e t

s
1 +e o ! r c= :se i 1 +

(! = ® )r c

T h is n e tw o rk is c a lle d :

² la g e le m e n t if ® > 1 ,

² le a d e le m e n t if ® < 1 ,

w h e re

® = la g to le a d ra tio ;
! = le a d c o rn e r fre q u e n c y :r c

T o se e th is c o n sid e r th e p h a se a n g le o f th e e le m e n t,
µ ¶ µ ¶! ! ®¡ 1 ¡ 1Á = ta n ¡ ta n ;

! !r c r c

a n d o b se rv e th a t it is p o sitiv e if ® < 1 a n d n e g a tiv e if ® > 1 .

F o r th e p o sitio n se rv o , th e c o m p e n sa te d lo o p g a in is
µ ¶s

K 1 +v c ! r c0 1A (s ) = ;c µ ¶ 2s s@ As 1 + ® ± h! 2! + 2 s + 1r c h ! h

w h e re
K = ® K ;v c v

is th e c o m p e n sa te d v e lo c ity c o e ± c ie n t. Q u a n titie s ! , ± a re ¯ x e d . W e n e e d to ch o o se ® ,h h

! , K , a n d ! . W e c a n d o th is a s fo llo w s:c v c r c

6 3



1 . D e te rm in e th e fre q u e n c y b e tw e e n ! a n d ! w h e re th e p h a se la g is m in im u m . T h er c h

g a in c ro sso v e r fre q u e n c y is ! a n d w e c a n o b ta in th e m a x im u m p h a se m a rg in .c

2 . A d ju st ! to g e t a d e q u a te p h a se m a rg in ; 5 0 o r 6 0 d e g re e s w ill d o .r c

3 . C h o o se ® to p ro d u c e a d e q u a te K fo r a c c e p ta b le ste a d y { sta te e rro r. P ra c tic a l c o n -v c

sid e ra tio n s lim it u su a lly th e v a lu e o f ® to a b o u t 1 0 o r so .

6 .5 C o m p e n s a t io n fo r S t a b ilit y

T h e g o a l o f th e c o m p e n sa tio n in th is c a se is to in c re a se sta b ility , o r b rin g th e g a in c ro sso v e r
fre q u e n c y d o w n to a v a lu e b e lo w ! . F o r th is a p u re la g n e tw o rk , F ig u re 5 0 , is su ± c ie n t.h

T h e re le v a n t e q u a tio n s a re ,
e 1o = ;se i 1 +

(! = ® )r c

w h e re
1

! = ;r c R C
o r

e 1o = ;
e 1 + T si c

w h e re ®
T = :c ! r c

F o r a sy ste m w ith g a in c o n sta n t K , th e c o rn e r fre q u e n c y is d e te rm in e d b yp

1 ! c! = = ;b T Kc p

w h e re ! is th e d e sire d g a in c ro sso v e r fre q u e n c y , ! < ! . C o m p u tin g T a n d b y ¯ x in g ® toc c h c

b e tw e e n 1 0 a n d 2 0 , th e v a lu e s o f R a n d C c a n b e ch o se n . T h e lo o p g a in b e c o m e s,

K pÃ !A = ;v c 2s ± h(1 + T s ) + 2 s + 1c 2! ! hh

a s illu stra te d in F ig u re 5 1 .

If R o u th 's c rite rio n is a p p lie d to th e c h a ra c te ristic e q u a tio n o f th e c lo se d lo o p c o m p e n -
sa te d sy ste m

1 + A = 0 ;v c

th e c rite rio n fo r sta b ility is
Ã !

1 2 ± h(1 + K ) < 1 + ¢ (1 + 2 ± ! T ) ;p h h cT !c h
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a n d , if 2 ± T ! À 1 , th is re d u c e s toh c h

K < 2 ± ! T ;p h h c

o r, w ith th e c ro sso v e r fre q u e n c y g iv e n b y

K p! = ;c T c

th e sta b ility c o n d itio n b e c o m e s
! < 2 ± ! :c h h

T h e c o rn e r fre q u e n c y o f th e la g is th e re fo re g iv e n b y

! 2 ± !c h h! = < :b K Kp p

W ith ty p ic a l v a lu e s o f ± = 0 :1 to 0 :2 (n e a r n u ll) th e c o rn e r fre q u e n c y is in th e ra n g e ! < (0 :2h b

to 0 :4 )! = K w ith a c ro sso v e r fre q u e n c y m a rg in g iv e n b y ! < (0 :2 to 0 :4 )! . N o te th a t th eh p c h

a b o v e a n a ly sis b e c o m e s e x a c t if th e ¯ rst o rd e r la g is re p la c e d b y a p u re in te g ra to r 1 = T s .c

6 .6 G e a r R a t io s in R o t a r y D r iv e s

T h e p u rp o se o f th is se c tio n is to sh o w th a t:

A s th e g e a r ra tio n is in c re a se d , th e ra tio o f to rq u e to in e rtia a t th e lo a d is
d e c re a se d a n d th e h y d ra u lic n a tu ra l fre q u e n c y is in c re a se d .

U sin g th e c o n ¯ g u ra tio n sh o w n in F ig u re 5 2 , w e h a v e :

ÄT = J µ + F r ;m m m t p

ÄF r = T + J µ ;t g L L L

w h e re F re p re se n ts th e c o n ta c t fo rc e b e tw e e n th e tw o d riv e s. T h e re fo re ,t

r pÄ ÄT = J µ + (T + J µ ) :m m m L L Lr g

If w e d e n o te
r µ 1p L= = ;
r µ ng m

th e n µ ¶J TL LÄT = J + µ + ;m m m2n n
w h e re

J L = lo a d to rq u e re ° e c te d to m o to r sh a ft2n
T L = in e rtia o f lo a d re ° e c te d to m o to r sh a ft:

n
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W e c a n a lso w rite :
Äµ Tm L2(J n + J ) + = T ;m L m2n n

o r
2 Ä(J n + J )µ + T = n T ;m L L L m

w h e re

2J n = in e rtia o f m o to r re ° e c te d to o u tp u t sh a ftm

n T = m o to r o u tp u t to rq u e re fe rre d to o u tp u t sh a ft:m

F o r m a x im u m a c c e le ra tio n o f th e lo a d , w e m u st m a x im iz e th e ra tio o f to rq u e to in e rtia
a t th e lo a d , i.e .,

n T mm a x im iz e ;2J n + Jm L

o r, sin c e fo r a g iv e n lo a d a n d sp e e d , n T is c o n sta n t,m

2m in im iz e n J :m

L e t th e su b sc rip t G d e n o te g e a re d a n d D d ire c t d riv e . T h e m o to r in e rtia is e m p iric a lly
sh o w n to b e µ ¶1 :51

J » :m n
T h e re fo re ,

µ ¶2 1 :5n (I ) 1m G 2 0 :5= n = n :
(J ) nm D

It fo llo w s th e n th a t a s gea r ra tio in crea se s, lo a d a ccelera tio n d ecrea ses.

T h e in e rtia to b e u se d in th e h y d ra u lic n a tu ra l fre q u e n c y is th e m o to r in e rtia p lu s th e
lo a d in e rtia re ° e c te d to th e m o to r sh a ft. R e c a ll th a t,

Ã !1 = 224 ¯ De m! = :h V Jt t

N o w
V » D ;t m

a n d
J LJ = J + ;t m 2n

o r, sin c e
µ ¶1 :51 1 :5J » » D ;m mn

w e h a v e
J L1 :5J = K D + ;t m 2n
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a n d 2 31 = 2
2D m4 5³ ´! » :h J1 :5 LD K D +m 2m n

F o r a g iv e n sp e e d a t th e lo a d , D » 1 = n , so th a tm

0 1 1 = 2

B C1B C! » :h @ AK J1 L+ K 20 :5n n

T h e re fo re , th e h y d ra u lic n a tu ra l frequ e n cy in crea ses a s n is in c rea sed .

T h e e x p re ssio n a b o v e c a n b e fu rth e r m a n ip u la te d to g iv e ,

1 :2 5 0 :5n n
! » = ;³ ´ ³ ´h 1 = 2 1 = 2J JL L2 0 :5n + n +J Jm m D

o r 0 1 1 = 2J L1 +! h J0 :5 m D@ A= n ;J L0 :5(! ) n +h D J m D

w h e re J is th e m o to r in e rtia w ith d ire c t d riv e . T h u s, ifm D

! h 0 :5J À J = ) = n ;L m D (! )h D

a n d if ! h 0 :2 5J ¿ J = ) = n :L m D (! )h D

6 .7 S u m m a r y o f E H D P o s it io n C o n t r o l S e r v o

1 . C lo se lo o p w ith p o sitio n fe e d b a ck .

2 . S ta b ility .

(a ) E sta b lish se rv o lo o p tra n sfe r fu n c tio n , A .u

(b ) A p p ro x im a te A in te rm s o f lo w e st re so n a n c e , ! .u h

(c ) E sta b lish a p p ro x im a te d e sig n c rite rio n fo r lo o p sta b ility , K < 2 ± ! .h h

3 . S y ste m p e rfo rm a n c e .

µ c(a ) C lo se d lo o p re sp o n se , = a c u b ic .µ r

(b ) A p p ro x im a te c u b ic a s la g a t ! p lu s q u a d ra tic te rm .b

(c ) D e te rm in e b a n d w id th b a se d o n lo w e st c o rn e r fre q u e n c y , ! .b

4 . C o m p e n sa tio n , a s sh o w n in F ig u re s 5 3 th ro u g h 5 5 .
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T h e re a re so m e g e n e ra l c rite ria a p p lic a b le to th e \ g o o d " d e sig n o f a n y se rv o sy ste m .

1 . T h e re m u st a lw a y s b e a ra n g e o f fre q u e n c ie s w h e re th e lo o p g a in is su b sta n tia lly g re a te r
th a n u n ity . A ll th e d e sira b le c h a ra c te ristic s o f fe e d b a ck c o n tro l a re b a se d o n th is sim p le
fa c t. W h e n th e lo o p g a in is le ss th a n u n ity , fe e d b a ck is n o t e ® e c tiv e a n d th e lo o p is
e sse n tia lly o p e n . T h e c ro sso v e r fre q u e n c y g iv e s th e b o rd e rlin e b e tw e e n o p e n lo o p a n d
c lo se d lo o p c o n tro l.

2 . T h e re is a lw a y s a n a c c u ra c y re q u ire m e n t a n d th is n e c e ssita te s so m e lo o p g a in g re a te r
th a n u n ity .

3 . A sy ste m sh o u ld n e v e r b e d e sig n e d c o n d itio n a lly sta b le u n le ss it c a n n o t b e a v o id e d .

4 . F o r sa tisfa c to ry sta b ility , th e c ro sso v e r fre q u e n c y sh o u ld o c c u r o n a n a sy m p to tic ¡ 1
slo p e a n d it m u st b e \ c o n tro lle d " . T h a t is, e sta b lish m e n t o f th e c ro sso v e r fre q u e n c y
m u st b e a n e x p lic it p a rt o f d e sig n , a n d its v a lu e a n d v a ria tio n m u st b e c o m p u te d to
a ssu re sta b ility u n d e r a ll o p e ra tin g c o n d itio n s.

5 . N o ise re je c tio n a n d sta b ility a lw a y s lim it th e sy ste m b a n d w id th . In fa c t it is d e sira b le
to k e e p th e b a n d w id th a t a m in im u m c o n siste n t w ith sp e c ī c a tio n s. A re d u c e d b a n d -
w id th u su a lly sim p lī e s c o m p e n sa tio n a n d , b e c a u se p e a k p o w e r o u tp u ts a re a sso c ia te d
w ith h ig h fre q u e n c ie s, re la x e s re q u ire m e n ts o n in d iv id u a l e le m e n ts, th e re b y p ro d u c in g
sa v in g s in c o st.

6 . A c c u ra c y re q u ire m e n ts u su a lly d ic ta te th e slo p e o f th e B o d e d ia g ra m a t lo w fre q u e n c ie s,
th a t is, z e ro fo r ty p e 0 sy ste m s, ¡ 1 fo r ty p e 1 sy ste m s, ¡ 2 fo r ty p e 2 sy ste m s, a n d so
o n .

T h e se c o n stra in ts, o r g o o d d e sig n fe a tu re s, a re re p re se n te d in th e B o d e d ia g ra m o f F ig u re
5 6 .

7 S P E C I A L T O P I C S

7 .1 P r e s s u r e T r a n s ie n t s in F lu id P o w e r C o n t r o l S y s t e m s

C o n sid e r a sim p le m a ss{ sp rin g sy ste m . T h e g o v e rn in g e q u a tio n is sim p ly N e w to n 's la w :

2d x
m = ¡ k x :2d t

In te g ra tin g , w e g e t

d u d u d x
m = ¡ k x ) m ¢ = ¡ k x ) m u ; d u = ¡ k x d x )

d t d x d t
2 2m u k x

+ = c o n st. = (k in e tic e n e rg y d e v e lo p e d ) + (e n e rg y sto re d ) :
2 2
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If u b e th e v e lo c ity a t x = 0 a n d x th e p o sitio n w h e n u = 0 , th e n0 0

2 2m u k x0 0+ 0 = 0 + :
2 2

N o w d ra w a n a n a lo g y w ith th e \ tra p p e d ° u id sp rin g " o f v o lu m e V , i.e .,0

2¯ Ae PK = :h V 0

W e h a v e ,
1 12 2M v = K x :t hp p0 02 2

T h e m a x im u m p re ssu re in th e tra p p e d ° u id sp rin g w ill o c c u r w h e n th e p isto n v e lo c ity is
z e ro . A fo rc e b a la n c e u n d e r th is c o n d itio n g iv e s,

P A = K x :2 p h pm a x 0

E lim in a tin g x , w e g e tp 0 sqv ¯ Mp e t0P = K M = v :2 h t pm a x 02A V 0p

T h is e x p re ssio n n e g le c ts th e e ® e c ts o f a n y d a m p in g p re se n t in th e sy ste m .

2 n d A p p ro x im a tio n
C o n sid e r th e V C P w ith in e rtia lo a d o n ly ,

V tQ = A s x + s P ;L p p L4 ¯ e
2P A = M s x :L p t p

If w e c o m b in e a n d e lim in a te x , w e g e tp

4 ¯ s Qe LP = ¢ ;L 22V s + !t h

w h e re
24 ¯ Ae p2! = :h M Vt t

A s th e c o n tro l v a lv e is c lo se d , w ith Q h e ld c o n sta n t (c o n sta n t p isto n sp e e d ), P w ill d e c re a seL 1

a n d P w ill in c re a se u n til a t th e in sta n t o f v a lv e c lo su re , P = P = P = 2 a n d Q w ill2 1 2 S L

d e c re a se in a ste p ch a n g e fro m Q = A s x to Q = 0 . L e t th is in sta n t d e ¯ n e t = 0 ,L p p L

x = x , s x = v .p p p p0 0

In th e L a p la c e d o m a in th e ste p c h a n g e in Q is g iv e n b yL

A vp p 0Q (s ) = ¡ ;L s
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a n d th e p re ssu re re sp o n se is
³ ´

A vp p4 ¯ se 0¡ 4 ¯ v !V s e p ht 0P = = ¡ ¢ :L 2 22 2s + ! ! V s + !h th h

In v e rtin g to th e tim e d o m a in , w ith P (0 ) = 0 ,L

4 ¯ ve p 0P (t) = ¡ sin ! t :L h! Vh t

T h is e x p re ssio n c a n o n ly b e v a lid u n til t = t w h e n P a p p ro a ch e s z e ro . D e ¯ n e P a s th e1 1 R

ra tio o f th e a p p ro x im a te p e a k p re ssu re to su p p ly p re ssu re ,
s

v ¯ Mp e t0P = ;R P VS 0

a n d p
P (t) = ¡ 2 P P sin ! t :L S R h

A ssu m in g th a t P a n d P c o n tin u e a sy m m e tric a l d iv e rg e n c e u n til P ! 0 , th e tim e t = t1 2 1 1

c a n b e fo u n d ,
¡ P (t ) = P (t ) ¡ P (t ) = P ¡ 0 ;L 1 2 1 1 1 S

o r p
¡ P = ¡ 2 P P sin ! t ;S S R h 1

o r Ã !
1 1¡ 1 pt = sin :1 ! 2 Ph R

T h e ra te o f ch a n g e o f th e lo a d p re ssu re d ro p is,
p_P = ¡ 2 ! P P c o s ! t :L h S R h

A t t = t w e g e t1
_ _ _ _P = P ¡ P = ¡ 2 P ;L 1 2 2

a n d sy m m e try is a ssu m e d , se e F ig u re 5 7 . T h e n
p " Ã !#

2 1¡ 1_ pP (t ) = ! P P c o s sin ;2 1 h S R2 2 P R

o r q! Ph S 2_P (t ) = 2 P ¡ 1 :2 1 R2
F o r tim e s b e y o n d t , P c o n tin u e s to in c re a se in e x c e ss o f P . F u rth e r a n a ly sis b e g in s w ith1 2 S

_a n in itia l c o n d itio n o f P (t ) = P a n d P (t ) g iv e n a b o v e .2 1 S 1

T h e su p p ly c h a m b e r is a ssu m e d to re m a in a t z e ro w h ile P > P a n d , d u rin g th is p e rio d ,2 S

d a m p in g d u e to le a k a g e s is ta k e n in to a c c o u n t. T h u s,

V d P0 2A v = Q = ¢ + (C + C + K )P ;p p L ip e p c 2¯ d te

7 0



a n d
2P A = ¡ M s x = ¡ M s v :2 p t p t p

E lim in a tin g v :p

Ã !
M V K Mt 0 c e t2s + s + 1 P (s ) = te rm s d u e to in itia l c o n d itio n s ;22¯ A Ae p p

w h e re w e h a v e d e n o te d
K = C + C + K :c e ip e p c

If s
! 1 K ¯ Mh c e e tp! = ; ± = ¢ ;2 2 2 A V2 p 0

th e n Ã !
2s ± 2+ 2 s + 1 P (s ) = I ;22! ! 22

w h e re h i1 _I = (2 ± ! + s )P (0 ) + P (0 ) :2 2 2 22! 2

T h e sy ste m is th u s se c o n d o rd e r w ith \ in p u t" a risin g fro m th e in itia l p re ssu re a n d its
ra te o f ch a n g e . T h e so lu tio n in th e tim e d o m a in is

20 1s µ ¶q¡ ± ! ¢ t2 2P (t) e 12 2 24@ Aq= P ¡ + ± sin ! 1 ¡ ± ¢ t2 2 2R2P 2S 1 ¡ ± 2
µ ¶¸q q

2 2+ 1 ¡ ± c o s ! 1 ¡ ± ¢ t ;22 2

w h e re
¢ t = t ¡ t > 0 :1

T h e p e a k o c c u rs a t
¢ t = t ¡ t ;m 2 1

w h e re r2 3³ ´
12 2(1 ¡ ± ) P ¡2 R6 721 ¡ 1 6 7q q! ¢ t = ta n ;2 m 4 5122 1 + ± P ¡1 ¡ ± 2 R2 2

a n d is g iv e n b y
v suuP 1 12 tm a x ¡ ± ! ¢ t 2 22 2 m= e + P + 2 ± P ¡ ; fo r ± < 1 :2 2R RP 2 2S

F o r sm a ll v a lu e s o f th e d a m p in g ra tio ± a n d la rg e v a lu e s o f P ,2 R

¼¡ 1! ¢ t ¼ ta n (1 ) = ;2 m 2
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a n d
¡ ¼ ±P 22 m a x 2= P e :RP S

F o r sm a ll v a lu e o f p e a k p re ssu re w e w a n t la rg e ± , w h ich m e a n s th a t w e h a v e to e m p lo y a2

re lie f v a lv e .

R e lie f V a lv e s: T h e p re se n c e o f a re lie f v a lv e in th e sy ste m w ill le a d to v a lu e s o f ± > 1 . In2

th is c a se th e m a x im u m p re ssu re P is sh o w n in F ig u re 5 8 . T h e re sp o n se is n o t o sc illa to ry2 m a x

a n d th e m a x im u m p re ssu re is e v a lu a te d a s ¢ t ! 1 . W h e n th is e x p re ssio n is e v a lu a te d fo r
± À 1 , th e re su lt is2

P P2 Rm a x ¼ 1 + :
P 2 ±S 2

T h e v a lu e o f ± is g iv e n b y2

s
K + K + C + C ¯ Mr c ip e p e t± = ¢ ;2 2 A Vp 0

w h e re K is th e c o e ± c ie n t o f re lie f ° o w ,r

Q = K (P ¡ P ) ;r r 2 S

a n d th e v a lv e is se t to o p e n a t P . T h e c o e ± c ie n t K is in te n tio n a lly la rg e re la tiv e to th eS r

le a k a g e c o e ± c ie n ts, a n d s
K ¯ Mr e t± ¼ :2 2 A Vp 0

T h e m a x im u m re lie f ° o w is w h e n P = P , so th a t2 2 m a x

K P Pr R SQ = K (P ¡ P ) = ;r r 2 Sm a x m a x 2 ± 2

o r Ã !¡ 1 = 2¯ Me tQ = A P P = A v :r p R S p pm a x 0V 0

T h is re la tio n sh ip is u se fu l in e stim a tin g th e n e c e ssa ry ° o w c a p a c ity o f re lie f v a lv e s.

F o r a ro ta ry sy ste m , th e e q u iv a le n t e x p re ssio n is

_Q = D µ ;r m mm a x

a n d s
_µ ¯ Jm e t0P = ;R P VS 0

_w h e re µ is th e m o to r sp e e d a t th e \ su d d e n sto p p a g e d e sig n p o in t."m 0
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7 .2 H y d r a u lic P o w e r T r a n s m is s io n

1 . In tro d u c tio n

T h e c o n n e c tio n b e tw e e n th e p o w e r{ g e n e ra tin g , p o w e r{ c o n tro llin g , a n d p o w e r{ u tiliz a tio n d e -
v ic e s re q u ire s th e tra n sm issio n o f ° o w s a n d p re ssu re s th ro u g h th e tra n sm issio n lin e s. S in c e
ch a n g e in ° u id p o w e r re q u ire s p re ssu re c h a n g e s, tra n sm issio n o f p re ssu re sig n a ls b e c o m e s a n
im p o rta n t c o n sid e ra tio n in sy ste m d e sig n to a ssu re d y n a m ic sta b ility a n d sp e e d o f re sp o n se .

2 . S te a d y ° o w

H y d ra u lic c irc u its a re ch a ra c te riz e d b y a n u m b e r o f b e n d s in tu b in g a n d v a rio u s ¯ ttin g s.
T h e to ta l p re ssu re d ro p in a sy ste m is,

n nfn 2 2 2t bX X XL ½ V L ½ V L ½ Vi e ei ii i i¢ P = f ¢ + f ¢ + f ¢ ;i i iD 2 D 2 D 2i i ii= 1 i= 1 i= 1

w h e re

n = n u m b e r o f tu b e st

n = n u m b e r o f ¯ ttin g sf

n = n u m b e r o f b e n d sb

L = e q u iv a le n t le n g th fo r e a ch b e n d a n d tu b in g :e

f is a fric tio n fa c to r g iv e n b y ,
6 4

f = ;
R e

fo r R e < 2 0 0 0 , a n d
q1p = 2 lo g (R e ¢ f ) ¡ 0 :8 ;1 0f

fo r R e > 4 0 0 0 .

V e lo c itie s in h y d ra u lic c irc u its a re n o rm a lly lim ite d d u e to p ra c tic a l c o n sid e ra tio n s. E x -
c e e d in g th e re c o m m e n d e d v a lu e s m e a n s la rg e r p re ssu re lo sse s a n d te m p e ra tu re rise s. W e ig h t
a n d c o st p e n a ltie s re su lt fro m v e lo c itie s th a t a re to o lo w . T y p ic a l v a lu e s a re :

² S u c tio n lin e s: 2 0 { 7 5 in / se c .

² D isch a rg e lin e s: 1 0 0 { 2 0 0 in / se c .

² F lo w in re lie f v a lv e s: 1 0 0 0 in / se c .

3 . D y n a m ic re sp o n se o f h y d ra u lic tra n sm issio n lin e s

W ith u n ste a d y ° o w th ro u g h th e p ip in g o f a h y d ra u lic sy ste m , ° u id m a ss a n d c o m p re ssib il-
ity e ® e c ts c a n in tro d u c e u n d e sira b le tra n sie n ts a n d d e te rio ra tio n o f sy ste m re sp o n se . T h e
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n a tu ra l fre q u e n c ie s o f a tra n sm issio n lin e o f le n g th L a re g iv e n b y th e o rg a n p ip e fre q u e n c ie s
fro m c la ssic a l p h y sic s a n d d e p e n d in g o n th e b o u n d a ry c o n d itio n s a re :

2 n C n C0 0f = = ; n = 1 ; 2 ; 3 ; : : :
4 L 2 L

o r
(2 n ¡ 1 )C 0f = ;

4 L
w h e re th e sp e e d o f w a v e p ro p a g a tio n is

s
¯ eC = ;0 P 0

a n d it g e n e ra lly lie s b e tw e e n 3 5 ; 0 0 0 a n d 5 0 ; 0 0 0 in / se c .

W h e n th e lin e le n g th is sm a ll c o m p a re d to th e w a v e le n g th s c o n ta in e d in th e p re ssu re a n d
° o w sig n a ls, a lu m ped m od e l c a n sim p lify th e a n a ly sis c o n sid e ra b ly . R e fe rrin g to F ig u re 5 8 ,
e n e rg y is a c c u m u la te d a c c o rd in g to

d P
C = ¢ Q ;

d t

a n d
d Q

I = ¢ P ;
d t

w h e re
2A

C = ; fo r a sp rin g { b a ck e d p isto n a c c u m u la to r
k

½ L
I = ; fo r in e rtia l e n e rg y sto ra g e u n ifo rm v e lo c ity p ro ¯ le :

A

F o r th e th re e { lu m p m o d e l o f F ig u re 5 9 ,

d P 3a = (Q ¡ Q ) ;a 1d t C
d P 31 = (Q ¡ Q ) ;1 2d t C
d P 32 = (Q ¡ Q ) ;2 bd t C

d Q 31 = (P ¡ P ) ;a 1d t I
d Q 32 = (P ¡ P ) ;1 2d t I
d Q 3b = (P ¡ P ) ;2 bd t I

w h ich c a n b e so lv e d n u m e ric a lly w ith Q , P a s in p u ts a n d P , Q a s o u tp u ts. S u ch m o d e lsa b a b

re q u ire e n o u g h lu m p s fo r a c c u ra te re p re se n ta tio n o f w a v e p ro p a g a tio n e fe c ts. U su a lly , o n e
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m u st u se a b o u t 1 0 lu m p s p e r sh o rte st sig n a l w a v e le n g th , w h e re th e w a v e le n g th ¸ is re la te d
to th e sig n a l fre q u e n c y f b y

C 0¸ = :
f

If ° u id p ro p e rtie s a re a ssu m e d to u n ifo rm ly d istribu ted , th e c o n tin u ity a n d m o m e n tu m
e q u a tio n s, a ssu m in g n e g lig ib le fric tio n a n d n o n o m in a l ° o w , g iv e

@ V 1 @ P
¡ = ¢ ;

@ x ¯ @ te

@ P @ V
¡ = ½ :

@ x @ t

T h e se e q u a tio n s, w h e n c o m b in e d , fo rm a se c o n d { o rd e r w a v e e q u a tio n . T h e so lu tio n fo r th e
o v e rp re ssu re (e x c e ss p re ssu re o v e r th e sta tic p re ssu re ) in th e s { d o m a in is

s+ ¡ ¡ x ¡ + ¡ xP (x ; s ) = P (s )e + P (s )e ; ¡ = ;
C 0

+ ¡w h e re P re p re se n ts a w a v e tra v e llin g in th e fo rw a rd d ire c tio n w h ile P re p re se n ts a p re s-
+ ¡su re w a v e tra v e llin g in th e re v e rse d ire c tio n . P a n d P a re e sta b lish e d b y th e b o u n d a ry

c o n d itio n s a t th e e n d s o f th e lin e .

T h e fo rw a rd tra v e lin g w a v e is,

+ ¡ s x = C 0P (s ; x ) = P e ;

+w h ich is th e tra n sfo rm o f a p re ssu re w a v e P (t) d e la y e d in tim e b y th e a m o u n t x = C . T h u s,0

th e d e la y tim e fo r th e w a v e to tra v e l d o w n th e e n tire lin e o f le n g th L is T ,

L
T = :

C 0

D e p e n d in g o n th e d i® e re n t w a y s in w h ich a tra n sm issio n lin e c a n b e c o n n e c te d to o th e r
e le m e n ts in a h y d ra u lic sy ste m , w e h a v e th e fo llo w in g fo u r so lu tio n s o f th e e q u a tio n s:

2 3" # " #Z c o sh (T s ) ¡ Z0 0P Qa asin h (T s ) sin h (T s )4 5= ;¡ Z c o sh (T s )Z 00P Qb bsin h (T s ) sin h (T s )

2 3" # " #Z sin h (T s ) 10P Qa ac o sh (T s ) c o sh (T s )4 5= ;¡ sin h (T s )1Q Pb bc o sh (T s ) Z c o sh (T s )0
2 3" # " #sin h (T s ) 1Q Pa aZ c o sh (T s ) c o sh (T s )04 5= ;¡ Z sin h (T s )1 0P Qb bc o sh (T s ) c o sh (T s )

2 3" # " #c o sh (T s ) ¡ 1Q Pa aZ sin h (T s ) Z sin h (T s )0 04 5= :¡ c o sh (T s )1Q Pb bZ sin h (T s ) Z sin h (T s )0 0
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In d e c id in g w h ic h c a se to u se , it h e lp s to v ie w a v a lv e w ith h ig h ° o w g a in , o r a p u m p , a s a
° o w in p u t a n d a n a c c u m u la to r o r la rg e tra p p e d v o lu m e o f o il a s a p re ssu re in p u t. A b lo ck e d
e n d is a z e ro ° o w in p u t a n d a n o p e n e n d is a z e ro p re ssu re in p u t. F o r e x a m p le , fo r th e
tra n sm issio n lin e o f th e lu m p e d m o d e l o f F ig u re 5 9 , th e se c o n d c a se o f th e a b o v e e q u a tio n s
a p p lie s:

Z sin h (T s ) 10P (s ) = Q (s ) + P (s ) ;a a bc o sh (T s ) c o sh (T s )
1 sin h (T s )

Q (s ) = Q (s ) ¡ P (s ) ;b a bc o sh (T s ) Z c o sh (T s )0

w h e re
C 0Z =0 A

is th e ch a ra c te ristic w a v e im p e d a n c e .

F re q u e n c y re sp o n se c o m p u ta tio n s a re e a sie r w ith d istrib u te d m o d e ls b e c a u se o f th e e q u a -
tio n s,

c o sh (j ! t) = c o s(! t) ;
sin h (j ! t) = j sin (! t) :

T ra n sie n t re sp o n se c o m p u ta tio n s a re e a sie r w ith d i® e re n tia l e q u a tio n s. O n e w a y o f re d u c in g
tra n sfe r fu n c tio n s to p o ly n o m ia ls is to e m p lo y ¯ n ite p ro d u c ts,

" #µ ¶N 2Y s (2 n + 1 )¼
c o sh (T s ) = 1 + ; ! = ;n! 2 Tnn = 0

a n d " #µ ¶M 2Y s m ¼
sin h (T s ) = (T s ) 1 + ; ! = :m! Tmm = 1

4 . F ric tio n e ® e c ts

F lu id fric tio n a c ts to d a m p o u t tra n sm issio n lin e tra n sie n ts. T h e re a re tw o m a in fric tio n
m o d e ls in u se ; th e c o n sta n t fric tio n m o d e l w h ich is sim p le r to u se b u t it g e n e ra lly u n d e re sti-
m a te s d a m p in g , a n d a fre q u e n c y d e p e n d e n t m o d e l w h e re th e v a rio u s d a m p in g ra tio s d e p e n d
o n th e c o rre sp o n d in g fre q u e n c y .

7 .3 D e s c r ib in g F u n c t io n A n a ly s is

1 . In tro d u c tio n

F o r n o n lin e a r sy ste m s th e p rin c ip le o f su p e rp o sitio n o f so lu tio n s d o e s n o t h o ld . In g e n e ra l,
th e re sp o n se o f n o n lin e a r sy ste m s w ill d e p e n d o n b o th m a g n itu d e a n d ty p e o f in p u t a n d it
m a y b e c o m p le te ly d i® e re n t fo r ste p in p u ts o f d i® e re n t m a g n itu d e o r sin u so id a l in p u ts o f
d i® e re n t fre q u e n c ie s. T h e re sp o n se m a y a lso d e p e n d d ra stic a lly o n th e in itia l c o n d itio n s.
S o m e o f th e re le v a n t p h e n o m e n a a re :
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1 . F re q u e n c y { a m p litu d e d e p e n d e n c e : C o n sid e r D u ± n g 's e q u a tio n , sp rin g { m a ss{ d a m p e r
w ith a n o n lin e a r sp rin g ,

0 3m Äx + b _x + k x + k x = 0 :
0T y p ic a l fo rc e { d isp la c e m e n t c u rv e s a re sh o w n in F ig u re 6 1 . W e re fe r to k > 0 a s a

0 0h a rd e n in g sp rin g , k < 0 a s so fte n in g sp rin g , w h ile k = 0 is n a tu ra lly a lin e a r sp rin g .q
T h e n a tu ra l m o tio n (fre q u e n c y o f fre e o sc illa tio n s) fo r th e lin e a r sp rin g is k = m , a n d
th is is c o n sta n t; i.e ., it d o e s n o t d e p e n d o n th e a m p litu d e o f m o tio n , se e F ig u re 6 1 . T h e
e q u iv a le n t sp rin g c o n sta n t (th e slo p e o f th e sp rin g fo rc e v s. d isp la c e m e n t c u rv e ) fo r

0 2th e n o n lin e a r sy ste m is k + 3 k x , a n d w e c a n se e , a s F ig u re 6 1 d e m o n stra te s, th a t in
th is c a se th e n a tu ra l fre q u e n c y w ill d e p e n d o n th e a m p litu d e o f m o tio n . A h a rd e n in g
sp rin g w ill o sc illa te a t h ig h e r fre q u e n c ie s a t h ig h a m p litu d e s w h e re a s th e o p p o site is
tru e fo r a so fte n in g sp rin g .

2 . J u m p p h e n o m e n a : C o n sid e r a g a in D u ± n g 's e q u a tio n , th is tim e a d d in g sin u so id a l fo rc -
in g ,

0 3m Äx + b _x + k x + k x = P c o s ! t :
0T h e fre q u e n c y re sp o n se c u rv e fo r k = 0 h a s th e fa m ilia r fo rm sh o w n in F ig u re 6 2 .

0A s F ig u re 6 1 su g g e sts w e c a n v isu a liz e th e fre q u e n c y re sp o n se c u rv e s fo r k > 0 a n d
0k < 0 b y b e n d in g th e lin e a r fre q u e n c y re sp o n se c u rv e in th e a p p ro p ria te d ire c tio n ,

so th a t it w ra p s a ro u n d th e n a tu ra l m o tio n c u rv e , se e F ig u re 6 2 . W e c a n se e th a t a s
th e e x c ita tio n fre q u e n c y is in c re a sin g o r d e c re a sin g , th e sy ste m m a y e x h ib it u n sta b le
o sc illa tio n s o r m u ltip le { v a lu e d o sc illa tio n s w h e re th e a m p litu d e o f m o tio n w ill d e p e n d
o n th e in itia l c o n d itio n s.

3 . S u b h a rm o n ic o sc illa tio n s: F o r e x c ita tio n fre q u e n c y ! , a n o n lin e a r sy ste m m a y e x p e ri-
e n c e re sp o n se s, b e sid e s ! , a t fre q u e n c ie s ! = n w h e re n is a n in te g e r. T h e se a re c a lle d
su b h a rm o n ic s. S u p e rh a rm in ic o sc illa tio n s, a t fre q u e n c ie s n ! , a re a lso p o ssib le a lth o u g h
n o t a s se v e re a s su b h a rm o n ic s. G e n e ra tio n o f th e se o sc illa tio n s d e p e n d s u p o n in itia l
c o n d itio n s, a s w e ll a s a m p litu d e a n d fre q u e n c y o f e x c ita tio n .

4 . L im it c y c le s: L im it c y c le s a re iso la te d , se lf{ e x c ite d o sc illa tio n s (i.e ., in th e a b se n c e
o f p e rio d ic fo rc in g ) ty p ic a l o f n o n lin e a r sy ste m s. C o n sid e r th e fo llo w in g sy ste m o f
n o n lin e a r e q u a tio n s:

2 2 2_x = x + ® x (¯ ¡ x ¡ x ) ;1 2 1 1 2
2 2 2_x = ¡ x + ® x (¯ ¡ x ¡ x ) :2 1 2 1 2

In tro d u c e p o la r c o o rd in a te s in th e fo rm
q

2 2r = x + x ;1 2µ ¶x 2¡ 1Á = ta n :
x 1

T h e n , th e sy ste m is w ritte n a s
2 2_r = ® r (¯ ¡ r ) ;

_Á = ¡ 1 :
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W e c a n se e th a t th e sy ste m a d m its th e ste a d y sta te so lu tio n ,

2 2 2 2 2r = ¯ o r x + x = ¯ :1 2

T h is re p re se n ts a p e rio d ic so lu tio n w h ich | u n lik e th e sim p le h a rm o n ic o sc illa to r
c a se w h e re th e re is a c o n tin u o u s fa m ily o f p e rio d ic so lu tio n s d e p e n d in g o n th e in itia l
c o n d itio n s | is iso la te d . S u ch a p e rio d ic so lu tio n is c a lle d a lim it c y c le .

A s a n o th e r e x a m p le o f a lim it c y c le , c o n sid e r th e so { c a lle d V a n d e r P o l e q u a tio n , w h ich
m o d e ls a sp rin g { m a ss{ d a m p e r sy ste m w ith n o n lin e a r d a m p in g ,

2m Äx ¡ b (1 ¡ x ) _x + k x = 0 :

F o r sm a ll x it b e c o m e s lin e a r,

m Äx ¡ b _x + k x = 0 :

T h e e q u ilib riu m p o in t is x = 0 , w h ich is c le a rly u n sta b le d u e to n e g a tiv e d a m p in g .
T h e re fo re , so lu tio n s w h ich sta rt in th e n e ig h b o rh o o d o f x = 0 m u st m o v e a w a y fro m
it. O n th e o th e r h a n d , fo r la rg e v a lu e s o f x th e d a m p in g b e c o m e s p o sitiv e . T h e re fo re ,
so lu tio n s th a t sta rt fa r a w a y fro m x = 0 m u st m o v e to w a rd s th e o rig in . S in c e so lu tio n
c u rv e s c a n n o t c ro ss e a ch o th e r (su c h c ro ssio n g w o u ld v io la te u n iq u e n e ss o f so lu tio n s o f
o rd in a ry d i® e re n tia l e q u a tio n s), th e re m u st b e a lim it c y c le in b e tw e e n w h ich b o th se ts
o f so lu tio n c u rv e s a p p ro a ch a sy m p to tic a lly . M A T L A B h a s a n ic e d i® e re n tia l e q u a tio n s
d e m o w h ich illu stra te s th e V a n d e r P o l lim it c y c le .

5 . T y p e s o f b e h a v io r: T h e v a rio u s ty p e s o f p o ssib le b e h a v io r in n o n lin e a r sy ste m s d e p e n d
h e a v ily o n sy ste m d im e n sio n a lity . T h u s:

² F irst{ o rd e r sy ste m s m a y e x h ib it o n ly e q u ilib riu m p o in ts.

² S e c o n d { o rd e r sy ste m s m a y e x h ib it e ith e r e q u ilib riu m p o in ts o r lim it c y c le s.

² H ig h e r{ o rd e r sy ste m s m a y e x h ib it e q u ilib riu m p o in ts, lim it c y c le s, a n d a p le th o ra
o f o th e r m o re c o m p le x re sp o n se p a tte rn s.

F o rc e d a n d / o r d isc re te sy ste m s c a n b e c o n sid e ra b ly m o re c o m p lic a te d .

6 . F re q u e n c y e n tra in m e n t: If a p e rio d ic fo rc e o f fre q u e n c y ! is a p p lie d to a sy ste m c a p a b le
o f e x h ib itin g a lim it c y c le o f fre q u e n c y ! , w e h a v e th e p h e n o m e n o n o f b e a ts. A s th e0

d i® e re n c e b e tw e e n th e tw o d e c re a se s, th e b e a t fre q u e n c y a lso d e c re a se s a n d , fo r a lin e a r
sy ste m it is z e ro o n ly if ! = ! . In a se lf{ e x c ite d n o n lin e a r sy ste m , h o w e v e r, it is fo u n d0

th a t th e fre q u e n c y ! o f th e lim it c y c le fa lls in sy n ch ro n iz a tio n w ith , o r is e n tra in e d0

b y , th e fo rc in g fre q u e n c y ! w ith in a c e rta in b a n d o f fre q u e n c ie s.

7 . T y p e s o f n o n lin e a ritie s: S o m e in h e re n t n o n lin e a ritie s o f p a rtic u la r sig n ī c a n c e to h y -
d ra u lic sy ste m s a re sh o w n in F ig u re 6 3 . S u c h n o n lin e a ritie s c a n b e e ith e r p a rt o f
th e p h y sic a l stru c tu re o f th e sy ste m o r c a n b e a d { h o c in tro d u c e d th ro u g h so ftw a re
c o m m a n d s.
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2 . D e sc rib in g F u n c tio n s

T h e re a re a fe w to o ls th a t c a n b e u se d to p re d ic t th e e x iste n c e , m a g n itu d e , a n d sta b ility o f
lim it c y c le s, n a m e ly ,

² n u m e ric a l in te g ra tio n s,

² c o n tin u a tio n m e th o d s,

² p e rtu rb a tio n m e th o d s,

² d e sc rib in g fu n c tio n a n a ly sis.

N u m e ric a l in te g ra tio n s a re e a sy to a p p ly b u t th e c a n o n ly b e u se d to c o n ¯ rm ra th e r th a n
p re d ic t p o ssib le b e h a v io r, e sp e c ia lly w h e n a la rg e n u m b e r o f v a ria b le s a n d in itia l c o n d itio n s
a re p re se n t. C o n tin u a tio n m e th o d s re q u ire so m e in itia l a p p ro x im a tio n o f th e lim it c y c le
fo r a g iv e n se t o f p a ra m e te rs, w h ile p e rtu rb a tio n m e th o d s a re b e st a p p lie d to sy ste m w ith
sm o o th n o n lin e a ritie s, u n lik e th e o n e s d e p ic te d in F ig u re 6 3 . D e sc rib in g fu n c tio n a n a ly sis
is a n a p p ro x im a te m e th o d th a t is b e st su ite d to th e d isc o n tin u o u s n o n lin e a ritie s c o m m o n in
° u id p o w e r sy ste m s.

S u p p o se th a t th e in p u t to a n o n lin e a r e le m e n t is sin u so id a l. T h e o u tp u t w ill b e p e rio d ic
a n d su p p o se th a t o n ly th e c o m p o n e n t w ith th e sa m e fre q u e n c y a s th e in p u t (th e fu n d a m e n ta l
h a rm o n ic c o m p o n e n t) is sig n ī c a n t. T h e c o m p le x q u a n tity

C 1G = hÁ i ;d 1M

w h e re

M = a m p litu d e o f in p u t sin u so id
C = a m p litu d e o f fu n d a m e n ta l h a rm o n ic c o m p o n e n t o f o u tp u t1

Á = p h a se sh ift o f fu n d a m e n ta l h a rm o n ic c o m p o n e n t o f o u tp u t1

is c a lle d th e d e sc rib in g fu n c tio n G .d

3 . C o m p u ta tio n o f D e sc rib in g F u n c tio n s

F o r a sin u so id a l in p u t
m (t) = M sin ! t

to th e n o n lin e a r e le m e n t, th e o u tp u t c (t) m a y b e e x p re sse d in F o u rie r se rie s a s fo llo w s:

1X
c (t) = A + (A c o s n ! t + B sin n ! t)0 n n

n = 1
1X

= A + (C sin (n ! t + Á ) ;0 n n
n = 1
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w h e re
Z 2 ¼1

A = c (t) c o s(n ! t) d (! t) ;n ¼ 0Z 2 ¼1
B = c (t) sin (n ! t) d (! t) ;n ¼ 0q

2 2C = A + B ;n n n
µ ¶A n¡ 1Á = ta n :n B n

If th e n o n lin e a rity is sy m m e tric , th e n A = 0 . T h e fu n d a m e n ta l h a rm o n ic c o m p o n e n t o f th e0

o u tp u t is

c (t) = A c o s ! t + B sin ! t1 1 1

= C sin (! t + Á ) :1 1

T h e d e sc rib in g fu n c tio n is th e n g iv e n b y ,
q

¿ µ ¶À2 2A + BC A1 11 1¡ 1G = hÁ i = ta n :d 1M M B 1

A s a n e x a m p le , c o n sid e r th e sa tu ra tio n n o n lin e a rity o f F ig u re 6 4 . A F o u rie r c a lc u la tio n o f
th e o u tp u t w a v e fo rm fo r a sin u so id a l in p u t g iv e s th e fo llo w in g d e sc rib in g fu n c tio n

2 3sµ ¶ µ ¶22 S S S¡ 14 5G = sin + 1 ¡ :d ¼ M M M

F o r a sta u ra tio n fu n c tio n o f slo p e k th e te rm 2 = ¼ in fro n t o f th e a b o v e e x p re ssio n b e c o m e s
2 k = ¼ . A lso , th is e x p re ssio n is tru e fo r S < M . F o r S > M , th e in p u t sig n a l d o e s n o t fe e l th e
e ® c ts o f th e sa tu ra tio n a n d it b e h a v e s ju st lik e a lin e a r u n ity g a in ; i.e ., G = 1 fo r S > M .d

A p lo t o f th e sa tu ra tio n d e sc rib in g fu n c tio n G v e rsu s th e d im e n sio n le ss ra tio S = M is sh o w nd

in F ig u re 6 5 . A v e ry u se fu l g e n e ra l p ro p e rty fo r c a lc u la tin g d e sc rib in g fu n c tio n s is:

T h e d e sc rib in g fu n c tio n o f th e su m o f tw o e le m e n ts is th e su m o f th e in d iv id u a l
d e sc rib in g fu n c tio n s.

4 . D e sc rib in g F u n c tio n A n a ly sis

C o n sid e r th e c lo se d { lo o p fe e d b a c k sy ste m o f F ig u re 6 6 c o n ta in in g a lin e a r e le m e n t w ith
tra n sfe r fu n c tio n G a n d a n o n lin e a r e le m e n t w ith d e sc rib in g fu n c tio n G . If th e h ig h e rd

h a rm o n ic s a re su ± c ie n tly a tte n u a te d , th e d e sc rib in g fu n c tio n G c a n b e tre a te d a s a c o m p le xd

g a in . T h e n , th e c lo se d lo o p fre q u e n c y re sp o n se is

C (j ! ) G G (j ! )d= :
R (j ! ) 1 + G G (j ! )d

T h e c h a ra c te ristic e q u a tio n is
1 + G G (j ! ) = 0 ;d
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o r
1

G (j ! ) = ¡ :
G (M )d

If th is e q u a tio n is sa tis¯ e d , th e n th e sy ste m w ill e x h ib it a lim it c y c le w ith fre q u e n c y ! a n d
a m p litu d e M fo u n d fro m th e in te rse c tio n o f G (j ! ) a n d ¡ 1 = G (M ) g ra p h s.d

5 . S ta b ility o f L im it C y c le s

T o a sse ss th e sta b ility o f th e se lim it c y c le s, w e h a v e to re c o g n iz e th e sim ila rity b e tw e e n th e
a b o v e a n d th e N y q u ist c rite rio n fo r lin e a r sy ste m s. F o r e x a m p le , c o n sid e r th e c a se sh o w n in
F ig u re 6 7 . W e se e th a t w e h a v e tw o lim it c y c le s w ith ch a ra c te ristic s (M ; ! ) a n d (M ; ! )A A B B

w ith M < M . C o n sid e r th e in te rse c tio n A o f th e G (j ! ) a n d ¡ 1 = G (M ) lo c i a n d a ssu m eA B d A

a sm a ll d e c re a se in a m p litu d e M . T h e re p re se n ta tiv e p o in t o n th e ¡ 1 = G lo c u s w ill m o v e toA d

a n e w p o in t, D . T h is p o in t is n o t e n c irc le d b y th e G (j ! ) lo c u s, th e sy ste m w ill m o v e fu rth e r
a n d fu rth e r a w a y fro m th e in te rse c tio n a n d th e o sc illa tio n s w ill e v e n tu a lly sto p . T h e re fo re ,
p o in t A p o sse sse s d iv e rg e n t ch a ra c te ristic s a n d it c o rre sp o n d s to a n u n sta b le lim it c y c le .
B y a sim ila r a rg u m e n t w e c a n se e th a t p o in t B p o sse sse s c o n v e rg e n t ch a ra c te ristic s a n d it
c o rre sp o n d s to a sta b le lim it c y c le . In d e e d , if th e a m p litu d e o f th e lim it c y c le is d e c re a se d
so th a t th e sy ste m m o v e s to p o in t F w e c a n se e th a t th e n e w p o in t is e n c irc le d b y th e G (j ! )
lo c u s, th e o sc illa tio n s w ill g ro w , th e sy ste m w ill te n d to re tu rn to th e o rig in a l in te rse c tio n
B a n d th e o sc illa tio n s a re sta b le . A s a su m m a ry , w e c a n c o n c lu d e th a t in g e n e ra l: T h e lim it
c y c le is p re d ic te d to b e sta b le o r u n sta b le a c c o rd in g a s th e lo c u s o f ¡ 1 = G c ro sse s th e lo c u sd

o f G (th e N y q u ist p lo t) fro m rig h t to le ft o r fro m le ft to rig h t, re sp e c tiv e ly , a s M in c re a se s,
v ie w e d a lo n g th e d ire c tio n o f in c re a sin g ! . T h is c rite rio n is illu stra te d b y th e sk e tch o f
F ig u re 6 8 .

6 . E x a m p le : S a tu ra tio n

C o n sid e r a lin e a r sy ste m w ith th e sa tu ra tio n n o n lin e a rity sh o w n in F ig u re 6 4 . S u p p o se th a t
th e N y q u ist d ia g ra m fo r th e lin e a r e le m e n t e n c lo se s th e ¡ 1 p o in t, so th a t th e lin e a r sy ste m
is u n sta b le . If th e re w e re n o sa tu ra tio n , th is m e a n s th a t o sc illa tio n s w ith e v e r{ in c re a sin g
a m p litu d e w o u ld d e v e lo p . T o a n a ly z e th e e ® e c t o f sa tu ra tio n le t u s su p e rim p o se th e g ra p h
o f th e d e sc rib in g fu n c tio n o f th e sa tu ra tio n n o n lin e a rity o n to th e N y q u ist d ia g ra m , a s sh o w n
in F ig u re 6 9 . W e c a n se e th a t th e e ® e c t o f th e sa tu ra tio n (i.e ., lim it o n a c tu a to r stro k e ) is
to g e n e ra te a sta b le lim it c y c le a t th e in te rse c tio n p o in t a n d th u s p re v e n t th e m o tio n s fro m
b e c o m in g a rb itra rily la rg e . If th e g a in o f th e tra n sfe r fu n c tio n is d e c re a se d so th a t th e lo c u s
o f ¡ 1 = G d o e s n o t in te rse c t th a t o f G , th e sy ste m b e c o m e s sta b le a n d a n y o sc illa tio n s th a td

m a y d e v e lo p w ill e v e n tu a lly d ie o u t. N o lim it c y c le (se lf su sta in e d o sc illa tio n ) w ill e x ist a t
ste a d y sta te .

A s a n o th e r e x a m p le c o n sid e r th e e ® e c ts o f sa tu ra tio n o n a c o n d itio n a lly sta b le sy ste m
a s sh o w n in F ig u re 7 0 . T h e lin e a r sy ste m is h e re sta b le sin c e th e p o la r p lo t a v o id s th e ¡ 1
p o in t. In th is c a se w e c a n se e th a t tw o lim it c y c le s a re c re a te d o n e a t P a n d a n o th e r o n e a t1

P . T h e lim it c y c le a t P is u n sta b le , w h e re a s th e lim it c y c le a t P is sta b le . T h e re fo re , if th e2 1 2

sy ste m a m p litu d e e x c e e d s th is v a lu e , fo r e x a m p le d u rin g tra n sie n t re sp o n se , se lf{ su sta in e d
o sc illa tio n s w ith a m p litu d e c o rre sp o n d in g to P w ill d e v e lo p . In th is c a se e v e n th o u g h th e2

o rig in is sta b le , th e e ® e c t o f th e sa tu ra tio n is to lim it th e o rig in 's d o m a in o f a ttra c tio n .
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S y ste m re sp o n se w ill c o n v e rg e to z e ro a s lo n g a s th e in itia l tra n sie n t d o e s n o t e x c e e d P .1

7 . E x a m p le : D e a d b a n d

A d e a d b a n d n o n lin e a rity (F ig u re 7 1 ) c a n re su lt fro m C o u lo m b fric tio n a n d fro m o v e rla p o f
v a lv e p o rts in h y d ra u lic sy ste m s. T h e lin e a r g a in o f th e d e a d b a n d is n o rm a liz e d to o n e a n d
a n y g a in p re se n t w o u ld b e c o n sid e re d a s p a rt o f th e lin e a r p o rtio n o f th e lo o p . A n a ly sis o f
th e o u tp u t w a v e fo rm g iv e s th e fo llo w in g d e sc rib in g fu n c tio n

2 3sµ ¶ µ ¶22 ¼ D D D¡ 14 5G = ¡ sin ¡ 1 ¡ ;d ¼ 2 M M M

w h ich is p lo tte d in F ig u re 7 2 .

W e n o te th a t ¡ 1 = G is a la rg e n e g a tiv e re a l n u m b e r fo r sm a ll in p u ts to th e d e a d b a n dd

e le m e n t a n d a p p ro a ch e s ¡ 1 fo r la rg e in p u ts. S u p p o se th e p o la r p lo t is a s sh o w n in F ig u re
7 3 . T h e lin e a r sy ste m w ith th is N y q u ist p lo t w o u ld b e u n sta b le . T h e lim it c y c le a t th e
in te rse c tio n p o in t is a lso u n sta b le . T h is m e a n s th a t th e sy ste m w ill a c tu a lly b e sta b le fo r
sm a ll in p u ts to th e d e a d b a n d (i.e ., a s lo n g a s th e in te rse c tio n p o in t is n o t c ro sse d o v e r). If
it se e m s p e c u lia r th a t a n u n sta b le lin e a r sy ste m m a y b e c o m e sta b le w ith th e a d d itio n o f a
n o n lin e a r e le m e n t, th is is d u e to th e fa c t th a t th e a c tu a l sy ste m in c lu d in g th e d e a d b a n d h a s
v e ry sm a ll g a in a t th e o rig in . In th is c a se , sin c e th e d e a d b a n d g e n e ra te s a n u n sta b le lim it
c y c le , u n b o u n d e d o sc illa tio n s w ill o c c u r if th e in p u t to th e d e a d b a n d is la rg e e n o u g h . T h is
is w h y d e a d b a n d s a re q u ite u n d e sire b le fro m th e sta b ility p o in t o f v ie w . In a n y p ra c tic a l
sy ste m , h o w e v e r, th e d e a d b a n d w ill sa tu ra te a n d th e o sc illa tio n s w ill b e c o m e b o u n d e d . T h is
c a se is tre a te d n e x t.

8 . E x a m p le : N o n lin e a r G a in C h a ra c te ristic s

T h e d e sc rib in g fu n c tio n o f th e g e n e ra l n o n lin e a r g a in c h a ra c te ristic in F ig u re 7 4 is,
2 3sµ ¶ µ ¶22 D D D¡ 14 5G = k + (k ¡ k ) sin + 1 ¡d 3 1 2¼ M M M

2 3sµ ¶ µ ¶22 S S S¡ 14 5+ (k ¡ k ) sin + 1 ¡ :2 3¼ M M M

T h e d e sc rib in g fu n c tio n s fo r sa tu ra tio n a n d d e a d b a n d c a n b e o b ta in e d fro m th is e x p re ssio n
b y le ttin g a p p ro p ria te q u a n titie s b e z e ro . W ith so m a n y p a ra m e te rs in v o lv e d , it is b e tte r to
lo o k a t a p a rtic u la r c a se . O f in te re st is a c o m b in a tio n o f sa tu ra tio n a n d d e a d b a n d (F ig u re
7 5 ). In th is c a se k = k = 0 a n d k = 1 a n d th e d e sc rib in g fu n c tio n is p lo tte d in F ig u re 7 6 .1 3 2

N o te th a t th e \ g a in " is sm a ll fo r sm a ll in p u ts, in c re a se s to a m a x im u m , th e n d e c re a se s a s
th e in p u t a m p litu d e M in c re a se s. T h u s, th e q u a n tity ¡ 1 = G sta rts a t ¡ 1 fo r sm a ll in p u ts,d

d e c re a se s to a m in im u m , th e n a g a in a p p ro a ch e s ¡ 1 a s th e in p u t b e c o m e s v e ry la rg e . T h e
¡ 1 = G lo c u s a n d a p o la r p lo t o f a lin e a rly u n sta b le sy ste m a re sh o w n in F ig u re 7 7 . F o r th ed

in te rse c tio n s sh o w n , p o in t P is a n u n sta b le lim it c y c le a n d P is a sta b le lim it c y c le . N o te1 2

th a t th is sy ste m is sta b le fo r sm a ll in p u ts n o t e x c e e d in g P , b u t o n c e th e in p u t a m p litu d e1

b e c o m e s g re a te r th a n a t p o in t P , o sc illa tio n s w ill b u ild u p to a lim it c y c le a t P . T h e ¡ 1 = G2 2 d
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lo c u s h a s a m in im u m w h ich a p p ro a c h e s b u t n e v e r e x c e e d s th e ¡ 1 p o in t. T h u s, a sy ste m
h a v in g th is ch a ra c te ristic a n d d e sig n e d so th a t th e p o la r p lo t d o e s n o t e n c irc le th e ¡ 1 p o in t
w o u ld b e sta b le . H o w e v e r, it is p o ssib le fo r th e sy ste m to b e sta b le e v e n if th e ¡ 1 p o in t is
e n c irc le d b e c a u se o f th e m in im u m o f th e ¡ 1 = G lo c u s.d

9 . B a ck la sh a n d H y ste re sis

B a ck la sh a n d h y ste re sis n o n lin e a ritie s a re m u ltiv a lu e d . W ith b a ck la sh , th e in p u t m u st b e
m o v e d b y a c e rta in a m o u n t b e fo re a n y m o tio n o f th e o u tp u t o c c u rs. S im ila rly u p o n re v e rsa l.
G e n e ra lly sp e a k in g , b a c k la sh c a n p o se a se rio u s th re a t to th e sta b ility o f a lo o p . D ith e r is a
w id e ly u se d m e th o d o f re m o v in g b a c k la sh . Its is v e ry e ® e c tiv e w h e re th e b a ck la sh is c a u se d
b y fric tio n . D ith e r is a h ig h fre q u e n c y sig n a l o f c o n sta n t a m p litu d e a n d fre q u e n c y w h ich is
a d d e d to th e c o n tro l sig n a l a t th e in p u t to th e n o n lin e a rity a n d h a s th e e ® e c t o f m a k in g th e
e le m e n t a p p e a r lin e a r. H o w e v e r, d ith e r c a n n o t b e u se d in c e rta in c a se s su c h a s g e a r b a ck la sh
b e c a u se it is d i± c u lt to in je c t, c a u se s w e a r, a n d sh o w s in th e o u tp u t.

H y ste re sis n o n lin e a ritie s c o n stitu te a n u isa n c e b u t n o t a se rio u s th re a t to sta b ility . T h e
m o st n o tic e a b le a ttrib u te o f e le m e n ts w ith h y ste re sis n o n lin e a rity is a n a m o u n t o f p h a se la g
a t lo w fre q u e n c ie s.

1 0 . C o m m e n ts

T h e d e sc rib in g fu n c tio n a n a ly sis is a n e x te n sio n o f lin e a r te ch n iq u e s to th e stu d y o f n o n lin e a r
sy ste m s. T y p ic a l a p p lic a tio n s a re to sy ste m s w ith fe w n o n lin e a ritie s. T h e a n a ly sis is o n ly
a p p ro x im a te : th e re a re in sta n c e s w h e re th e d e sc rib in g fu n c tio n a n a ly sis p re d ic ts th e e x iste n c e
o f lim it c y c le s b u t th e a c tu a l sy ste m e x h ib its n o n e , a n d o th e r in sta n c e s w h e re th e situ a tio n
is re v e rse d .

It is m o re a c c u ra te to sta te th a t th e d e sc rib in g fu n c tio n a n a ly sis p re d ic ts th e lik e lih o o d
o f lim it c y c le s. T h e sy ste m m a y e x h ib it a p e rio d ic so lu tio n w ith a m p litu d e a n d fre q u e n c y
c lo se to th e p re d ic te d o n e s. F in a l re sp o n se h a s to b e v e rī e d b y n u m e ric a l in te g ra tio n s.

1 1 . A C o u n te r{ e x a m p le : V a n d e r P o l's E q u a tio n

O n c e m o re , c o n sid e r V a n d e r P o l's e q u a tio n
2Äy + ²(3 y ¡ 1 ) _y + y = 0 :

In o rd e r to re p re se n t th is in a \ b lo ck d ia g ra m " fo rm in c lu d in g a n a p p ro p ria te n o n lin e a r
e le m e n t, w e w rite it a s,

2Äy ¡ ² _y + y = ¡ 3 ²y _y o r
d 3Äy ¡ ² _y + y = ¡ ² y o r

d t
2 3(s ¡ ²s + 1 )y = ²s (¡ y ) o r

y ²s
= :3 2u s ¡ ²s + 1

T h e re fo re , in fe e d b a c k fo rm ,
²s

G (s ) = ;2s ¡ ²s + 1
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3w ith th e n o n lin e a rity f (u ) = u , a n d z e ro re fe re n c e in p u t, so th a t u = ¡ y , se e F ig u re 7 8 .
F o r th e c u b ic n o n lin e a rity ,

23 M
G = :d 4

In o rd e r to p re d ic t th e lim it c y c le w e h a v e to so lv e

1
G (j ! ) = ¡ ;

G (M )d

o r
²j ! 4

= ¡ ;2 2¡ ! ¡ ²j ! + 1 3 M
o r

2 24 (! ¡ 1 ) + j (4 ¡ 3 M )²! = 0 :

T h e re fo re , th e fre q u e n c y o f th e lim it c y c le is p re d ic te d a t

! = 1 (p e rio d 2 ¼ ) ;

a n d its a m p litu d e a t
2pM = :

3
T h e g ra p h ic a l c o n stru c tio n e a sily sh o w s th a t th is lim it c y c le is sta b le .

N o w a lth o u g h V a n d e r P o l's e q u a tio n c a n n o t b e so lv e d a n a ly tic a lly , it is p o ssib le to o b -
ta in a sy m p to tic a lly e x a c t e x p re ssio n s fo r th e lim it c y c le p a ra m e te rs a s ² a p p ro a c h e s z e ro o r
in ¯ n ity . In th e sm a ll p a ra m e te r lim it (² Ã 0 ), th e e q u a tio n b e c o m e s th a t o f a sim p le h a r-
m o n ic o sc illa to r w ith u n it a n g u la r fre q u e n c y , c o in c id in g w ith th e p re d ic tio n o f th e d e sc rib in g
fu n c tio n m e th o d . In th e la rg e p a ra m e te r lim it (² Ã 1 ), a p e rtu rb a tio n a n a ly sis p re d ic ts
p e rio d 1 :6 1 4 ², in ste a d o f ¯ x e d 2 ¼ . In o rd e r to u n d e rsta n d w h y th e m e th o d fa ils in th is c a se ,
ta k e a c lo se r lo o k a t th e fre q u e n c y re sp o n se o f th e lin e a r c o m p o n e n t:

· µ ¶ ¡̧ 1j 1
G (j ! ) = ¡ 1 + ! ¡ :

² !

It is c le a r th a t, a s ² in c re a se s, so d o e s th e ra n g e o f ! o v e r w h ich G (j ! ) ¼ ¡ 1 . T h is m e a n s
th a t in th e lim it o f in ¯ n ite ² w e o b ta in a n \ a ll{ p a ss" ¯ lte r, a n d h e n c e th e h a rm o n ic c o n te n t
o f th e lim it c y c le b e c o m e s su c h th a t th e p re d o m in a n t re sp o n se is n o lo n g e r sim p ly sin u so id a l,
a n d th e d e sc rib in g fu n c tio n a p p ro x im a tio n c a n n o t b e e x p e c te d to b e v a lid a n y m o re .
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These notes utilize material mainly from the following two sources:

1 . H e a le y , A . J ., H y d ra u lic C o m po n en ts.

2 . M e rrit, H . E ., H y d ra u lic C o n tro l S y stem s.
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