(4) Solve differential equation

— homogeneous solution } need to be

— particular solution computed
d2
Bs(t)- ?S(t) =2ah(t)

(a) homogenous solution (assumes input S(7) = 0)
= 2afh,(t)=0 = h,(1)=0
(b) particular solution

b (0= 505 72500500
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(5) Add “boundary effects” to get final solution:

— Recall:
h(t)=h(t)+ 2(n§_1)[ai5(") (¢-07)+55" (t=T +0" )J
=0 Y
thf)
— here
n = order :D(SZ ): D(Sz) = Zakszk
m = order :N(S2 ): N(Sz) = Zbkszk
in this example:
N(Sz) =2af m=0

= h(t):2X(IZ_1:)=Oai5(i)(t—0+)+bl.5(i)(t—T+O+)

i=0

= a,0" (¢)+b, (t-T)
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h,(t) = a,6"" (¢)+b,6" (t-T)
h,(t)=a,0(t)+b,6(t—T)
need to be identified

* Computation of “boundary effect” constants
a,and b,

— Replace /(t) in original integral equation
i (6) - L{ﬂzs(t)-d_zs(t)}+a05(¢)+boa(t-T)
20 dt
— Original integral equation
[ aexp(-p(jt-1]))a(r)dr = s(r)
= '[)Taexp(—,B|t—r|)

(L[ ﬂ%(t)—j—is(t)}—l—aoé‘(z‘)+bo (T—T)jdf = 5(¢)

ra [ exp(-pl - o) (a0 (¢) + 5,5 (1T))d = 5 (1)

o |
—0" -T+0"
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a [ exp(~plt—1])(a,6(r=0")+ 5,8 (c =T +0"))dz
= a(exp(—ﬂt))ao + b, exp(+,8(t —T))

* Need to remove absolute value in above integral
equation

LTexp(—,B|t — T|)d2‘

—7>0 = t>71 = 1<t

= LTexp(—,B|t—T|)dr='Eexp(—,b’(t—r))dr
+ _[Texp(+,6’(t—r))dr

— Integral equation becomes

A
% ['Eexp(—,ﬁ(t —r))(ﬁzs(r) —S"(Z’))dl’}

) B

55| [ea(B-0)(#s(0)-s"(e))ae

+aa, exp(—pt) + ab, exp(,B(t —T)) =s(¢)
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Note:
A= [exp(-p(t-7))(Bs(z)-5"(r))dz
= exp(- ) [ exp(Br)(Bs(r)-s"(r))dz
A= p exp(-pr) [ exp(Br)s(z)dr
—exp(—ﬁt)\'ﬁ exp(fr)s" (¢)dz

v

* Need to integrate by parts
Recall:  [/&=[/2]- [/&
fr=s"(r) = f=5'(r)
g=exp(fr) = g'=pPexp(pr)
[exp(Br)s"(z)dz =[s'(r)exp(Br)] - [5'(r) Bexp(Br)dr
=s'(¢)exp(pt)—s'(0) -

/

integrate by parts
f’=S'(T) = fzs(r)
gzexp(,Br) = g'—ﬂexp(ﬂf)

'E () Bexp(pr)dr = ,B[S (7)exp ﬂ£ r)exp(fr)d
= fs(t)exp ,Bt (0 {E Jexp(fr)dz



* Replace above in expression 4

A= [ exp(~t) [expbprTs(e) dr

—exp(—/ft) |:S Jexp(Bt)—s'(0)— Bs(t)exp(St)+ Bs(0)

+ﬁZWW}

= A:—S'(t)+s( )exp( ,Bt)+,6’s() ,BS(O)eXp(—,Bt)
B= J:Texp( (t—f))(,b’ s(z)—s' (T))dl'

following the same type of integration by parts as for
A leads to:

B = exp(pt) [ exp(-pr)s(z)dz
_exp(ﬂt)\fexp(—ﬂj)s"(T)dz:
C= [ exp(-pr)s"()dr
f'=5"(7) = [=5'(7)
g:exp(—ﬂr) = g'= fexp(-pr)
C=[s'(r)exp(-pt)] - I —f8)exp(—pr)dr

=s'(T)exp(=pT ) —s'(¢) exp( ﬂf+ﬂI 7)exp( 'Bf)df

D
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Note:

D = J: rexp ,BZ' dr
[1=s'(t) = f=s(7)
g=exp(—pfr) = g =—LFexp(-pr)

D=[s r)exp( ,Bt] J: B)exp(-pr)dr

A

= B=pexp(pft) | ex 7)s(7) dr

—exp(Bt) [s Jexp(—BT)—s'(t)exp(—pt)+ Bs(T)exp(—pT)
- Bs(e)exp(-p)+ B(+) [ slr)exs(Pr) d |

— B = —exp(ﬁt)[s'(T)exp(—,BT)—S'(t)exp(—ﬂt)+,BS(T)eXp(—,BT
- ﬂs(t)exp(—ﬂt)]
B = —S'(T)exp(ﬁ(t—T))-I—S'(t)—,BS(T)eXp(,B(t—T))-l—,BS(t)
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— Integral equation becomes

i(A+B)+aao exp(—pt)+ab, exp(ﬂ(t—T)) =5(¢)
A+B_—/@’j+s )exp( ,Bt )+ Bs (1) - ,BS(O)eXp( ,Bt)
—s'(T) exp /@’j Bs(T exp ))+,Bs(t)

=2ps(t )+exp ,Bl‘ [S )= Bs(0 )]
+exp(B(t=T))| -s"(T)- Bs(T)]

— Overall integral equation becomes
—[285(0)+exp(-)[5'(0) - ps(0)
+exp(f(1=T))[~s'(T)- Bs(T)].

+aa, exp(—pt) +ab, exp(,b’(t —T)) =5(1)

2p
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= Above expression must be valid for all #’s

| 22 2 T = N 205{ %
S'(T) S(T) s’
— Y. — 5 +ab, = b0=_210({S(T)+
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** Receiver Performance for Known Signals
in Colored Gaussian Noise

Recall decision rule:

1) 6= [ y(0)(h ()=, (1)) e = T,
) o
n(1)

w1 200500

H,: y(t) =, (t) n

(2) Ifnoise is Gaussian = LT y(t)h(t)dr also
Gaussian

(3) Need mean and variance of G only

b E[LT(SO (t)+n(t))h(t)dt}

E, = fso (£)h(z)dt

« E|G]

» E[G], = [ (0)n(t)de =,

=T n)aa [ 0n0a]
. i .;Tn(t)h(t)dt)zj
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:E[ILTn t n r)h(t)h(r)dtdr}
—ILR t Z' )dtdZ'

Recall A4(?) can be expanded in a series (p. 19)

h(t>=§(s”f°")gj ()
G| . J.J;TRn (t—1)

sluzslzel, o, <t>] dids

— Var-

[ [ R.(=0)g, (r)dz |, (1) a
0
J; ﬂ] Ej (v)gz (t)dt
z%(s ~s,) =var[G]),
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with <

r

"

G

G

~~

~

decision rule

N

¥

H,

G = fy(t)h(t)dt > T,

( s, (1)h(1)dt, o2

. I —FE
with PFAzQ[ : lj
O¢

H, 0
under H,

under H,

Problem: Need to compute 4(?), i.e., solve integral

equation.
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¢ Whitening Filter Approach

* Whitening filter may be used to convert to white
white noise case.

* Assume noise n(¢) has PSD § (2)
1

S, (2)= A(2) (—)

Z*

* Pass noise thru whitening filter H (z)

nit)—> h () —> n, 0

pick H,(z)=A4"(z)
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y(n) —p

Whitene
r < 5(n
h(z) )

N-1

— >
n=0 +

Whitene
r ’
h(n)

ey
T n=0

Whitene
T
) )
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Example:

5, (2)

3 5-2z-2z"
10-3z-3z"

0.5<|z[ <2

PSD to be put in the formula

poles and zeros  poles and zeros
inside the u.c.  outside the u.c.
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Example:

Assume you are given the following colored noise
data obtained as

S(n) = O.6S(n — l) + v(n); v(n) ~ N(0,0.82)

Compute the spectral factorization of S(z).

EC4570.WinterFY03/MPF

16



