2/21/03

V Detection of Signals in Colored
Gaussian Noise

* Done before: White noise
\—> not very realistic in practice
* Previous approach is difficult to extend.

* Alternative needed: use a different way to
represent the signal information.

\—> series decomposition
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¢ Series representation
* Several types of expansion possible
— Fourier
— other orthogonal polynomial functions

— eigenfunction (KLT transform)

* What do we need?

\—> an expansion in terms of a complete set

of orthonormal functions with uncorrelated
coefficients

* Definitions:

(1) A set of functions {g;(¢)},., . defined over the
interval [0,1] is said to be orthonormal over
the interval if:

[ g (1)g(r)dr=5(k-1)

(2) If the orthonormal set of functions {g,(7)} is
said to be complete, then any integrable
function y(¢) defined on the interval [0, 1]
may be represented as:

y(f)zzykgk(f); Ost=<T
[
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* Properties

— To compute y,

y(1)= gykgk(t)

— Coefficients y, may be generated as follows:

W(t) —

— > M=

——> 1) =

v

> V1
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* m™ approximation to y(¢) is defined as

V()= ykgk(f) such that:

limy, (t) = y(t)

m-—o

oM

* Why is it useful to have y, uncorrelated?

* How to insure the coefficients y, are uncorrelated?

— Assume y(¢) = s(¢) + n(z)

n(f) 1S W.s.S. noise

Zero mean.
R (t,7)=

— What do we need for coefficients y, to be
said uncorrelated?
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¢ Binary Detection Problem Revisited

(using expansion approach)

Hy: y(t)=s,(t)+n(?) 0<t<T
H: y(t)=s(t)+n(?) n () white Gausssian noise

* Using projection onto a basis set {g,(¢)}

Vi, =S, +n, i=0,1
v =(v(1).8, (1)) = [v(t) g (1)dt
S = <S1 (1), g, (t)> = J.Sl (¢)g, (¢)dt
soe = (50 (£).8, (1)) = J's (t)g, (t)dt
n, =

) =15
n(1).g, (1)) = [n(t) g, (r)dt

* What does this mean for a 2" order approximation?

v, (1) = Z%& +Zm&
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Note:
(1) {».},, areRVs, why?
Hy: y, =58y +n,

H: y.=s,+n

(2) Recall n, = <n(t),gk (t)> is a linear
transformation of n(?).

n(t)is Gaussian = n, is Gaussian

. , Why ?
= », 1s Gaussian

“ All what is needed to know about y, is:
mean & variance

* E{y|H, =

* E{yk|Ho}

e var{y|H,}=var{s, +n,}
{(S()k +n, )2} —(E{SOk +nk})2
{Sék}+E{n§}+2E{SOk.nk}

—(E{sy})

E
E
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= Var{yk|HO} = E{n,f}
* var{y|H |=E {n,f } following some derivation.

. E{nlf}:

* [ikelihood ratio test can be derived from
orthogonal components.

A(r(0) = fim A (1)

i f1(y1g1(t)ayzgz(t)a"'a)ﬁcgk(t))
= 11m
k—>+oofo(ylgl(t),yzgz(t),---,ykgk(t))
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Note: Apply transformation of a RV property Y =A4X

XoNmaoOL Ly (am,, 407
Y:AX x?2 X

Note:
fo(3,)~N(so00 )= fo (3.8, (1) ~ N(g, ()s0,.2. (t) o))
= f,(»,K)~ N(Ks,,.K’c?)

Thus

1 2
£1(2,8,(1) _ Karexp( s (K~ Ks,,)
fy(ne, (1) Karexp( L (kKo

2
) O_n\/EeXp _20_5 (yn_Sln)
1 exo| — 1 ( g )2
O'n\/g p 20_5 yn On
_ )
fo ()
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= A(r(1))

2/21/03

= hm -fi(yS’“"yk)
k_)+oof0(ys9'”9yk)

=1imf[f1(y")

koo~ ﬂ)(yn)
1
. x| 5 (v, =, )
= lim H h c
" exp| - o (%) = Son)
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= —

1 k
{20 s) =~ =) | 2 Lny
O-n n=l1 v HO
())n/_sln_))n/_i_SOn)(yn_Sln_'_yn SOn)
= (SOH _Sln)(zyn _SOn _Sln)
= _(SOn _Sln)(SOn +S1n)+2yn (SOn _Sln)
1 < H
252 Z(_(Sgn _Slzn)+2yn (SOn ~ S )) 21 Ln(4,)
O-n n=1 HO

EC4570.WinterFY03/MPF

10



n= HO
* Recall o;fzﬂ
2
| 2 0
> LS (s ) 2 Lati
No n=1 No n=1 H,
k T
* As k—+w Z—> _L
n=1

n(A () = Jim £, (0)

17, %02 2 ¢
:FOL (s (1)-s; (t))dHFOL »(6)(s, (t)_g%(,f() Oc)lt
= | [ (). (0)di— [ y(t)s,(¢)ds %

EC4570.WinterFY03/MPF

11



¢ Karhunen-Loéve Expansion

* Definition: The KL expansion is based on the

eigenfunctions of the noise autocorrelation
function.

* Properties

— The eigenfunctions {g,(¢)} form a complete
orthonormal set

LTgn (t)gm (t)dt = 5(n—m)

— Noise and received signal coefficients are
uncorrelated

[
Recall: n, = L n(t

E{nn,) :E_( ['n(t)e. (i )dt)(f (1)g, (t)dt)}
~E H g (v )dtdr}
—L J.E[n ]gk dtdr

)

—L[LR t-7)g, (r dr}gk()d
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Suppose we have:

T
[en @R, (=T =2,8,(t) (D)
0
In such a case:
T T.
[[R,(t-D)g, (g, didz = [4,g, (g, (1)t
0 0
rlm m#k
=<
0 m=k
Therefore:

if (1) holds, then (n,, n_) and (y,, y,,) for kK # m

are uncorrelated and their variance 1s A
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s+ Mercer Theorem

Any real valued function R(¢,s) symmetric, PSD,
may be expanded into a series:

:Zﬂkgk(t)gk(s) 0<t,s<T
k=1

with

Ag (1) = [ R(1.5)g, (s)ds

where {g,(¢)} 1s a complete orthonormal basis set.

Applying Mercer s theorem’ to

E{nn,}= LT \LTRn (,7) g, (7)d7 |g, (¢)dt

i / zms;(t) |

L (dt)dt = 2,6 (m—k)

= E{mn,}=2,6(m-k)

—  Noise/received sample coefficients are
uncorrelated when using the KL expansion.

\—> Gaussian noise —=> noise samples are

, independent.
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¢ Detection of Known Signals in Additive
Colored Gaussian Noise

y(t)=s(t)+n(t) =01,
n(t) : Gaussian w.S.s. noise

* Take as sampled of received signal the coefficients
v, of the KL expansion.

T

Y = ), J’(t)gk (t)dt
| =1,2,--
m= | n(t)g, (t)dt
under H,: Ve =So t 1y
k=1,2,
under H: V=8, tn,

Need pdf information of samples.
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~1,2
H: y =s, +n, JThe
E{y,|H,f =
E{yf‘Hl}_
Var{yj‘HO}—
Var{yj‘Hl}:
Jiivis sy
A(yk(t)):ﬁtgylp" yg
YT (< sy )
J J
) [1 2mh, | P\ 24 j
(YT (=8,
D B vy ]
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Note:

2__2((371' _Slj)2 _(Yj _SOj)z) —
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[ [ (05 (D)e, (1)g, (2)dridr | = Lacay

— o e e e e e M M M M M M M M M M M M M M M M M M M M M M M M M M M M M M M e e e oy

independent of received data = K 7
0
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[ ()6 (6) - ()X e, (0)g, (1) du

=1
H,
2 Ln(4)-K=T,
H,
T L H,
LM)Z;L (5:()=50(12)) &, (1) g, (1) dtdt, = 1,
J=1 7% H,
T 21 H
J; y(tl)z;t_v[) (Sl (tz)_SO (t2))gj (t2)dt2 g (tl)dtl zl T,
J=L7Y
H,
T = 1
= Ly(tl);Z(Slj SO])g] (lLl)a’ltll—é}'1
i) Ho
T 0S8, 28, H
= J; y(t) ;fgj (tl)—;/%;gj (4) | lel
N g N . ) H,
(1) ho (1)
H,
= J; Y(tl)(h(t1)_ho(t1))dt1 Z I
H,

— Note: correlator structure

2/21/03 EC4570.WinterFY03/MPF 19



2/21/03

T H,
[ () (@) =h@))a, = T

Hy

—>®—> fdt
+ H1
w) — } _y
[ i B
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