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�  Binary Detection Problem

�  Noise Effects

�  Sampling Interval Restriction and pdf Computations

�  Performance Analysis for Communication Receiver

�  Examples to Communications and Radar

�  Matched Filters
•  Definition
•  Matched filter used in detection
•  Extension to M-ary communications systems

IV.b  Detection of Dynamic Signals
       in White Gaussian Noise

�  Sampled Data Approach

�  Detection of Signals With Random Parameters

�  Multiple Pulse Detection

•  Signals with random phase
•  Signals with random phase & amplitude
•  Signals with random frequency

•  Known signal characteristics
•  Signal with unknown phase

•  Definition
•  Independent noise samples
•  Gaussian signals
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�  Detection of Signals with Random
      Parameters

•  Fact:  In practical applications not all signal
    characteristics may be known.

     phase, amplitude, frequency may be random
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•  Assume a priori pdfs are known.

–  Problem to solve

(1)  Signals with random phase

–  Problem to solve at the receiver

–  How to solve

      use composite hypothesis testing
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–  How to define pdfs

     *  If we have m samples for data sampled at �t

     *  As m  �  +�   and   �t  �  0

� �0f y �

     *  f1(y) =

     *  �
�
(y) =
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1) for a specified  solve for as:   

2                      exp
2

AA T I
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- To compute the actual decision rule:

2) for a NP test, threshold �0or �1 determined from the PFA

- How to compute q:

Note that expressions derived involve qcos(�0) and
qsin(�0), one can get rid of the trigonometric
expressions by computing:
                 qcos2(�0)+ qsin2(�0) =q2
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- Simplification for high and low SNR levels
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- How to apply the above simplifications: 
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• How do we implement this detector ?
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1) correlator implementation
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3) matched filter implementation
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2) incoherent matched filter implementation

Review: Complex/real signal envelope definitions
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Assume f(t) is defined as:
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                    = Re ( )exp( ) ,
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� �( ) sin ( )
           [0, ]

ch t T t
t T
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Envelope  
Detector

Y(t)

Sample at T

q
R(t)

R(t)=

Real envelope of R(t) :
    E(t)=
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• Receiver Performance

- Need to derive ROC curves to get an idea of the
performances
- ROC curves require to get the pdf of q

� �
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- Define: ( )sin( ) ; ( ) cos( )

- Recall: 

- Note: cos( ); sin( ) may be defined where
                 =tan ( / )
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n(t) is Gaussian ==> x and z are Gaussian
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- Need to compute mean and variance for H0 and H1
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A) mean
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B) Variance
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C) Resulting pdf expression
2 2

1 2 2

1

2
2

1 2 2

1 1( , | ) exp cos( ) sin( )
2 22 2

using the transformation: cos( ), sin( ), tan ( / )

1( , | ) exp cos( )
22

AT ATf x z x z

x q z q z x

q ATf q q ATq

f

� � �
� � �

� � �

� � � �
� �

�

� �� �� � � �
� � � � �� 	
 �� 	 � 	� 	� 
 � 

 �� �� 


� � �

� �� �� �
� � � � �� 	
 �� 	� 	� 

 �� �� 


���
2

1 10

2
2

2 2

2

20

2
2

1 2 2

( | ) ( , | )

1          = exp .
22

1 cos( )                        exp
2 2

 ==>          

1       ( | )  = exp
22 2

q f q d

q AT q

ATq d

q ATf q q

�

�

� � � �

� �

� �
�

� �

�
� � �

� �

� �� �� �
� �� 	
 �� 	� 	� 

 �� �� 


�� �
� 	
� 


� � �� �
� �� 
 �� 	� � 

 �� ��

�

�

0 2

2

1 10

2
2

1 02 2 2

.
2

1( ) ( | )
2

1       ( )  = exp . (1/ 2 2 )
22 2

    

ATqI

f q f q d

q AT ATqf q q I

�

�

� �
�

� �
� � �

� � �
	 � 		 � 



��� �

� �� �� � � �
� � �� 	
 �� 	 � 	� 	� 
 � 

 �� �� 


�



2/10/03 EC4570.WinterFY03/MPF
19

2
2

1 02 2 2

1( )  = exp .
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• Pdf under H0

Note: Under H0, A=0
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- Pfa  and Pd
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- ROC Curves
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(2)  Signals with random amplitude and phase

–  Need to average effects of all random
     parameters.

         random parameters shown in f1(y) only
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- ROC Curves
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(3)  Signals with random frequency and phase

• Problem occurs in radar (doppler shifting)
                   in communications (time-varying channels)

• Assume: Uniform phase, and AWGN
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• LRT cannot be computed in a closed form solution
  ===> need an approximation
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• Simplification for small SNR level
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- Decision rule may be expressed as:
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- Receiver
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�  Multiple Pulse Detection

•  Recall:  Decision made earlier based on one
    single pulse only.

•  In practice:  Multiple pulses may be available.

        Ex: –  radar:  pulses received sequentially

–  communications:  transmission
    over multiple channels

1) Known Radar Signal Case

H0:   yi(t) =ni(t), i=1,…,M
H1:   yi(t) =si(t)+ ni(t), 

Assume received signals are independent

1 1 1 1 1 2 1

0 1 0 1 0 2 0
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( ,..., ) ( ) ( )... ( )( )
( ,..., ) ( ) ( )... ( )

        ( )

M M

M M
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i i
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f y y f y f y f yy
f y y f y f y f y

y
�
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LRT for ith pulse

Return pulse at receiver

Assume signals are completely known
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Conclusion: receiver structure similar to the single pulse
case, except that there are now M such receivers
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S1(t)

Y1(t)
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1) Known Signal Case - Uniform random phase

2

0
0 0

2( ) exp
2

i
i i

AqA Ty I
N N

� � � ��
� � � � � �

� 	 � 	
2

2
i 0

2

0

  where q ( )sin( ) ...

                              ( ) cos( )

T

i c

T

i c

y t t dt

y t t dt

�

�

� �� �
� �� �

� ��
� �� �

�

�

1 1 1 1 1 2 1

0 1 0 1 0 2 0

1

2

0
10 0

0 0
1 0

( ,..., ) ( ) ( )... ( )
( )

( ,..., ) ( ) ( )... ( )

        ( )

  ==> 

2
   Ln[ ( )]  

2

2
           (

M M

M M
M

i i
i

M
i

i

M
i

i

f y y f y f y f y
y

f y y f y f y f y

y

AqMA Ty Ln I
N N

Aq
Ln I Ln

N
� �

�

�

�

� � �

� �

� �� �
� � � � 	 
� �


 �� �

���

� � �� �
	 
� �

�
 �� �

�

�

� �

2

0

)
2

MA T
N

�

 si(t)=Asin(�ct+�i)



2/10/03 EC4570.WinterFY03/MPF
33

2

0 0
1 0 0

2           ( )
2

M
i

i

Aq MA TI Ln
N N

� �
�

�� �
�� �

�� 	
� �

( ) sin( ( ))
       0 t T

ch T T t�� �

� �

Envelope
Detector 0

0

2 iAqLn I
N

� �� �
� �� �� �

� �� �

M

0
i=1 0

2    i

Integration

AqLn I
N

� �� �
� �� �� �

	 
� �
�

Compare to
the threshold �

Incoherent Detector for a train of M pulses
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• Simplification for small SNR levels

- Recall: 
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- Decision rule:
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• Simplification for high SNR levels
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- Recall: 

- Decision rule:
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- Simplified Receiver
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