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¢ Detection of Signals with Random
Parameters

* Fact: In practical applications not all signal
characteristics may be known.

L» phase, amplitude, frequency may be random

* Assume a priori pdfs are known.

(1) Signals with random phase

— Problem to solve

H,: s,(t)=0

H

0<t<T
08 (t)=Asin(wt+0) t

— Problem to solve at the receiver

H,: y(z‘) = n(t)

0<t<T
H: y(t)=Asin(as+6)+n(y) t

— How to solve

L» use composite hypothesis testing
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— How to define pdfs

* If we have m samples for data sampled at A¢

fo(¥:)=

fi(y)=

* Asm — +oo and Ar = 0

fo(y)=

*HhO)=

" A=
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—AT 1 er 2A
e e —qgcos(d, —0) |db
xp( 2N0>2W[) xp(NOq @ )j

2z
use the fact that ZL Iexp(x cos(0+a))d6 =1I,(x)
T 0

where [, (x): modified Bessel function of the first kind

and zero-th order

1 e~ 2A 2Aq
==>—| exp|—gqgcos(8,—0) |dO=1|——
. pKNoq (0 )j OENoj

~A’T 24Aq | >
—> A(y) =ex I,| —= A
(») p( N, j o( N, j e
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- To compute the actual decision rule:

1) for a specified A, solve for 7, as:

42
i —exp| =T [ 24
2N, N,

2) for a NP test, threshold n or n, determined from the P,
- How to compute q:

Note that expressions derived involve qcos(0,) and
gsin(0,), one can get rid of the trigonometric
expressions by computing:

qeos(0)+ qsin*(6y) =¢’
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- Simplification for high and low SNR levels

2
For low SNR: ] ﬂJZH_(ﬂj
NO NO

2] 2] )]

2Aq
24 - N
For high SNR: 10( q)z —n
Ny ) (4rAq/N,)

==> Ln(]o (ﬂJj = 2AC]/N0 _an(A]ﬂ-AqJ = 24q
N, 2 "\"N, )N,

- How to apply the above simplifications:

> 2
I, 249 A, exp AT
N, )< 2N,
> 2
s | 1| 22D\ P )+ AL
N, ))< 2N,
at low SNR levels:

2

> 2
917 pugagy+| 2 | =5
N, ) < 2N,

2
2> N,
==> _—
e
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 How do we implement this detector ?

1) correlator implementation

A(y)=exp { _ij\jjj 217[ jexp (% { (;[sin(a)ct)y(t)dt cos(f) +...

+T'fcos(a)ct) y(t)dt sin(@)D

sin 1% ! Lry (f)sin ot dt=q cos (6,)
— X [d | ()2
T
o
q
y () —e Neln Zn,
H,
> [ar 2l (2 g
> > >
> r < My
coso,t [ y(f)coswt di=gq cos (6, H,
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3) matched filter implementation

y (& —

> 7,(2)

\

hy(1)

Y

()
T
q2
()
EC4570.WinterFY03/MPF

T AV T

-

11



2) incoherent matched filter implementation

Review: Complex/real signal envelope definitions

Assume {(t) 1s defined as:
f(t)=a(t)cos(a,t +4(t))
= Re| f(exp(jo) |,
where f(t) = a(t)exp(j$(t))

=a(t)+ jb(t)
Complex envelope

Reatenelope: | /(0= (a0 +1°()
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R(t

Y(t)

_h(t) = sin(a)c (T - t))
te[0,7T]

R(t)=

Real envelope of R(t) :
E(t)=
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Envelope
Detector

| q
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* Receiver Performance

- Need to derive ROC curves to get an idea of the
performances
- ROC curves require to get the pdf of q

- Define: x = J;T y(t)sin(w, t)dt; z = _LT y(t)cos(w,t)dt

1/2

- Recall: g = (x2 + 22)
- Note: x = g cos(«); z = g sin() may be defined where

a=tan (z/ x)

* Under H;:
n(t) 1s Gaussian ==> x and z are Gaussian

S 210)= £,(x|0) f,(2]0), why?

1 ,
f(x,z]0) = {O_\/_exp( ~(x—m,) j}

{ore"p[ e ’“j}
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- Need to compute mean and variance for H, and H,

A) mean

E{x|<9}H1:
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B) Variance

Var{x|6}, :E{(x—E{xW}Hl )2}
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C) Resulting pdf expression

fi(x,z]0) = 12 exp(_ 12{()6_%(:08(0)) +(z—§sin(6?)

2
o 2x 20

using the transformation: x = g cos(«x), z = gsin(a),a = tan™' (z/ x)

fl(q,a|¢9)=izexp{— ! {(Asz +q2—Achos(¢9—a)D
o

207
== /,(q10)= [ f(¢.a|0)da =
_q B 1 AT Y )
fﬂiexp(ATq cos(2¢9 — a))da
2 20

_ 4 1 ATY ATqg
/g16) 622726)(1{_262 H 2 j T DJO(Zazj

—> fi@)= [ =hq|0)d0

£1(q) :%exp[— 2;2 KA;) +q2D.IO(124§2qj (/27 x2r)
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* Pdf under H,

_q B | AT
1(9) o’ exp{ 20" K 2

Note: Under H,, A=0

2

(@) =%exp(— 1 j
O

20°
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- B&Ldl)g

P, = ijo(Q)dq :Jj%exp(;ngq

=exp(-772 /20'2)

P = fi@)dg
_ 4 1 ATY ) ATq
f?exp(—zgz {( > j +q D.[O(Zoj)dq

doing the changes of variable:

v=q/0o,

(AT/2) 120° = (A°T/2)(T/4c?)
- E / N,

a’ =2E/N,
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2 2
vV +
——> P, = f/avexp —

0 (av) dv
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- ROC Curves
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(2) Signals with random amplitude and phase

— Need to average effects of all random
parameters.

L» random parameters shown in f,(y) only

J £Glof A0

p=(4,0) /10
So(»)
Recall:;
—A*T 2Aq
A(y| A)=ex I, | —
(y| ) p(2Nojo[Noj

Assume f,(A) 1s Rayleigh distributed

£(4)= Ai;zexp(;jz ]U(A)

0
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A(y) = jexp(_zljvleo[zﬁqu (A)dA

0

After simplifications,

N, 2A%47
A(y) = _exp od
N, +TA; N, (N, +TA2)

2 2 >
==>In Ny = |+ 249 5 Ln(4,)
N,+T4; ) Ny(N,+T4;)<

. No(No+T4) |, | ANy +T4y) "
— q< 242 N,

R(t
Y() |n(t)=sin(w,(T-1))| | Envelope /

S —»

te[0,7T] Detector

Sample
at T
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- ROC Curves

EC4570.WinterF'Y03/MPF

25



(3) Signals with random frequency and phase

* Problem occurs in radar (doppler shifting)
in communications (time-varying channels)

» Assume: Uniform phase, and AWGN

AT 2Aq
A(y|w)=¢ex I, | —
i) P( 2Noj O(No]

= A(y) = jexp [ _ZIjVTJI 0 (2]\7&]/” (w)dw

where q° = [ LT y(?) sin(a)t)a’t}2 +...

2

+ [ LT y(¢) cos(a)t)dt}
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* LRT cannot be computed in a closed form solution
===>need an approximation

f(@)= 3 P@)5(@-)

with P(w,) = f (0,)Aw

and o =w, +iAw,i=1,--- M

!

A= [AG @), (@)do

= ZA(y | @, )P(w,)

24/N, Pr(o,)

U
envelope % é
etector 6() —

() - detect —
Y@
envelope o
h() 9 detector —>(:)—> 1( ) —M:)i

b4 Compare to
ZATNO Pr(t)z) . A{ threshold

Ay
| envelope ®
i) detector [ %’ 40) *

2A4/N, Pr (o,,)
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 Simplification for small SNR level

Recall (

0

2Aq,

2
=1+ A9,
N N,

- Assume that P(o,)=1/M

— A(y):(l/M)iexp(—AzT/ZNo)[l+(Aql./No)z}

- Decision rule may be expressed as:

M
> q

i=1

2y

-,

- Receiver
J Matched filter Quadratic
at o, detector
Y(t)
J Matched filter Quadratic
at o), detector

A
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¢ Multiple Pulse Detection
* Recall: Decision made earlier based on one
single pulse only.
* In practice: Multiple pulses may be available.
Ex: — radar: pulses received sequentially

— communications: transmission
over multiple channels

1) Known Radar Sienal Case

Assume signals are completely known
Hy: y,(t) =n,(t), 1=1,...M
H: yi(t) =s;()+ ny(v),
Return pulse at receiver

Assume received signals are independent

S DoY) _ S-S ()
JoWises V) JoOD) So () So (i)

=112

A(y) =

\ LRT for i pulse

2/10/03 EC4570.WinterFY03/MPF

29



£ :Kexp(—(l/No)LT[yl.(z‘)—Sl.(l‘)r)
fm=Ke(-0/8) [ [T )

A =exp -0/ N) [0t exol /Ny [ 3,005 0

=>I[A)] = Lal] [A, ()]

=—(1/N, )iEl. +(2/N, )i f ¥, (s, (f)dlen(ﬂo)

M A N, M
=3 [ 305 0di_r 220 1, +§ZE

Conclusion: receiver structure similar to the single pulse
case, except that there are now M such receivers
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Y, (1) Y, (1)
Si(H) S (t)l
—® —®
M
2. ()
i=1
i

Compare to threshold
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1) Known Sienal Case - Uniform random phase

s,(t)=Asin(w t+6)

—A*T 2Aq.
A(v,)=¢ex J | ==L
() p( 2N, j 0( N, ]

T 2
where q.> = [L y,(?) sin(a)ct)dtJ +...

+ [ f () cos(a)ct)dtT

A(y) = S5 Vi) _ L)L) S (V)
JoWiseos i) oD Loy o (Vi)

< 24qg. \|> . :
ZLn|:Io[ g j}<7/:Ln(ﬂo)+A§zj\[T
: 0
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—»h(T ) =sin(w, (T —1t))
0<t<T

_>

Envelope
Detector

Integration

— ZLn(

B

Compare to
the threshold y

Incoherent Detector for a train of M pulses

2/10/03
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 Simplification for small SNR levels

- Recall: I 24q,
NO

()

==>[n (IO [ 2qu

- Decision rule:

2
=Ln| 1+ ﬂ =
NO NO

& 2A > 4 MAzT
Do Lngly| = by 2 Ln(dy) +
= Ny )J< 2N,
==>
§(aa],
i=1 NO
==>
M >( N 2
qu.z (_Oj ¥
o <\ 4
- Simplified Receiver
__é(t) = Sin(a)c (T — t)) > quadl'atlc &' Intel\/[graztjon
0<t<T Detector Z:‘ q,
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/

Compare to the threshold
Y(Ny/A)*

EC4570.WinterF'Y03/MPF




 Simplification for high SNR levels

- Recall:

/ (ZAql.jN exp(24g,/ N,)
"N, ) (474g,/N,)"

. 24q,
==>Ln| I, 24q, =—1Ln(47qul./N0)+ 9
N, 2 N,

- Decision rule:

M > 4 MA*T
ZL"{IO(MC]’]} y = Ln(4,)+
. N, <

i=1 0 2NO
==>
L 2A4q. >
>y
i=1 N() <
==>
f > Ny
- g <24 /4
- Simplified Receiver

Integration

h(t) = sin(w, (T - 1))},| envelope | 9 | | N
0<t<T Detector 2.4 /‘

Compare to the threshold
YNy/(2A)
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