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V. Discrete Time Fourier Transform
& Discrete Fourier Transform

DTFT definition
Fourier transform for periodic signals
Examples
Applications to the Discrete Fourier Transform
(DFT)
Varying the number of frequency bins R
Resolution issues and the DFT
Applications of the DTFT to the Short-time
Fourier Transform
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V. Discrete Time Fourier Transform
& Discrete Fourier Transform

�  Recall results for continuous signals

x(t) = X(j�) =

Discrete Time Fourier Transform  (DTFT)

x[n]

X(ej�)

�  Note:  X(ej�) is periodic with period:

called spectrum

Plots from class text
Additional reference and plots for DFT section:[1] Digital signal processing, K. Mitra
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•  Example:

X(ej�) =

x[n] =
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�  Fourier transform for periodic signals

•  Recall: � � � �j j nX e x n e� �

��

�

��

��

DTFT periodic with period 2�

•  Property:

•  Recall: (1) x(t) periodic can be expanded in terms
of  ejk�t

(2) x(t)= ejk�t   ==> X(j�)= 2������
�
�

•  As a result: we should expect the DTFT of
ejk�n to be periodic replicas of X(j�)= 2������
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•  Proof:
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•  Example:  x[n] = cos (�0n)       �0 = �/3

�

X(ej�)
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�

X(ej�)

�  Extension

� � � � � � � �� �2 2 1 2
0 1 2 1

j n N j n N j N n N
Nx n a a e a e a e� � ��

�

� � � � ��

X(ej�) =
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Note:  similar properties to the FT.
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•  Example:

    x[n] = cos (�0n)      0 � n � N – 1     X(ej�) = ?
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•  Example:

    N = 32        �0 = 0.34�  rad/s       Ts = 1
(fs = 1/Ts = 1 Hz)

x[n] = cos(�0nTs)

Ref:[1]
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x[n], y[n] aperiodic         X(ej�), Y(ej�� periodic
                                           with period 2�
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Definition:  The R-point DFT X[k] is defined as:

X[k] =

�  Applications of the DTFT to the
      Discrete Fourier Transform (DFT)

•  Numerically we only have discrete values
    for      on a computer

•  Recall  X(ej�)  is periodic with a period  =

�

•  Sampling interval (frequency) issues

Recall x[n]=x(nTs), where Ts is the sampling
interval

The sampling frequency fs is defined as fs=1/Ts

x(t)=cos(�0t) ==> x[n]=x(n Ts)=

                             =
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�  DTFT  X(ej�) for � � � � 0
0cos coss

s

nx n nT
f
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� �

N = 32
f0 = 11 Hz; fs = 64 Hz
�0Ts =

�  R-point DFT

� � � �
2 , 0, , 1

j

k R k R
X k X e �
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�

assume R = 32 points

• The DFT of x[n] is defined as:

• X[k] is periodic with period =

• DFT Example:

N = 32
f0 = 11 Hz; fs = 64 Hz(a)

Frequency
bin

Ref:[1]

Ref:[1]
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�  DFT  for � � � � 0
0cos coss

s

nx n nT
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  Assume  f0 = 10 Hz; fs = 64 Hz; �0Ts =
         and R = 32 points

(b)

How do you explain the difference between plots
(a) & (b) ?

Ref:[1]
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�  Varying the number of frequency bins R

� � 2

2

1 cos 2 cos 2 ;
2

16, 0.22 , 0.34 , 1

s
s s

s s

n nx n f f
f f
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    Example:

• Plot the DTFT  X(ej�)

�

X(ej�)
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� � 2
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    Example cont’:

• Plot the DFT X[k] 

k

X[k]
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�Varying R  Summary; R=[16,32,64,128]
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    Example:
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Ref:[1]
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�  Resolution issues and DFT
N = 16;  R = 128 (128 discrete frequencies
values in [0, 2��

�2 fixed, fs=1,  f2 = 0.34 ==>k=

a)  f1 = 0.28 => k=
b)  f1 = 0.29 => k=
c)  f1 = 0.30 => k=
d)  f1 = 0.31 => k=

Ref:[1]
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�  Comments:
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�  Application of the DTFT to the
      Short-Time Fourier Transform

Note:  Need to preserve the time-varying information
           of the frequency.

           How to do that?

Various frames of length 200 samples extracted from the
chirp signal
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Sampling grid in the ���n)-plane for the sampled STFT 
XTFT[k,n], for N=9 & L=4
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�  Applications to Speech Processing
Time domain signal

Narrowband Spectrogram

Wideband Spectrogram


