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V. Discrete Time Fourier Transform
& Discrete Fourier Transform

¢ Recall results for continuous signals

x(1) = X(jow) =
Discrete Time Fourier Transform (DTFT)
x[n]

X(e®)
t called spectrum

s Note: X(€?) is periodic with period:

Plots from class text
Additional reference and plots for DFT section:[1] Digital signal processing, K. Mitra
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x[n] =
¢ Example:
X, [n] = a"u[n] ‘a‘ <1
o [n] - a" <1
BEE
x3[n]—{0 oW
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¢ Fourier transform for periodic signals

® Recall: X(eja’) = iox[n]e_jam
\—’ DTEFT periodic with period 271

® Recall: (1) x(t) periodic can be expanded in terms
of elkot

(2) x(t)= ekt ==> X(jo )= 21d(0—0,)

® As aresult: we should expect the DTFT of
elk*nto be periodic replicas of X(jo)= 21é(0—0,)

Jawyn

® Property: x[n]=e

X ()= ﬁ 2705 (@ —w, — 27!
l=—o0
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® Proof:

01/05/04 EC2410.MPF/WinterFY 04



® Example: x[n] =cos (o)  w,=mn/3

L X(€?)

>
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<+ Extension

(27n/N)

j(2zn/N)

+a,e +eet g ej(N—l)(27rn/N)
2 N-1

x[n] =4, +a1ej

X(e?) =

L X(@?)

>
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TABLE 5.1 PROPERTIES OF THE DISCRETE-TIME FQURIER TRANSFORM v
Section Property Aperiadic Signal Fourler Transform
x[n] X(e™)) periodic with
2 e ¥ln) Yie)] period 2
532  Lincarity axin] + by[n) aXie™) + bY (™)
533 Time Shifting zln - m] g™ i X( ey
533 Frequency Shifting e xfn) Xie/mnby
534  Conjugation % [n] X'em™)
336  Time Reversal f=~n] Xie™™)
! nfk]  if m o= multiple of &
37 = i f
skl nestpeicn =l e mipleots X1
5.4 Convolution x[n] = ¥{n] X(e*¥{e™)
5.5 Multiplication xinlvin] 1_l [ X(e®Y¥(efrdg
L
53.5 Differencing in Time x[n] = x{n=1) (1 = g™ ™)X{e™)
; .
535 A lat ——— P
ccumulation Ef”ﬂ i Xieh)
+aK(e™) S Sl - 2mk)
; km=m
538 Differentiation in Frequency  nxfa) jd“:}: )
[ Xter) = XteH)
; 2 : Re{X(e™)} = efX(e))
5.34 Conjugate Symmetry for xn} real ¢ InfX (e} = —Im{X(e ™))
Real Signals )] = (e~
_ | LX) » = LX)
534 Symmetry for Real, Even  x[n] real an even X{e*) real and even
Siznals :
534  Symmetry for Real, Odd  x[n] real and odd Xle™) porely imaginary and
Signals odd
334 Even-odd Djur.:nmpasitiun z[n] = Exlx{n)}  [x{n] resl] Me{X(e™))
St RaalSlpuls xola] = Od{x(nl) _[x{n] real Hmix(e™)
539 Parseval's Reletion for Aperindic Signals

i Wil = o | [KteMifd
i I

Note: similar properties to the FT.
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TABLE 5.2 BASIC DISCRETE-TIME FOURIER TRANSFORM PAIRS

Signal Fourler Transform Fourier Series Cocfficients (if periodic)
L Y
E iy i il 2ar E u*ﬂ(m-— '—I,kr) a;
Jem ) [ ]
(g} gy = I
A = ] N
aian Do EEEN—N\Q—E‘ITI} i s 1, & m.-m_.'ﬁ'.m_‘lu A
T on 0 otherovise
by 'i'% leratignal = The signal is aparisdic
) wg = AT
4w 1 - =
Sdargn # 3 fifur — ay — 28 + Sl +ap — Twll} g aiE BT AN,
Tmem 0 alhereiss -
(6} == aggationsl 2 Thesignal iz apsaefic
l::al:l Ay = dmr
e ir] E=RreNrxlN,..
Binaye = > {Blw - ag — 2wl = Sl & wrg — 20l Gy =4k ke EN AR
b 1, atherwize .
{b ﬁ irmatianal = The sigaal 12 pscicslic
o I, k=l =N 3N
x[H] = 2 Slw — 2mwl) ap =
w ;.E.L. FUlo atherwise
Preriodic square wave .
Lo|4 =M i Sinl{3w BN + 2]
Al - , - , kw0 =l 2
x[n] [n{ Ny sl = AR 2m E Ei&l:“"' - EE} N SR 22N
and et dem HOEL oy N
K[+ M) = x[H] o
= X o 25 2wk 1
*':_z_.-ﬂn— kM) - ;E,E{w - T) ay = o Borall &
i
& uln] o] =1 T=aeio -
Loje = Sinfu () & 2]
#1n] 0 ol =M Finjer2)
. L 0= ju]=w
dinla W - [ W -
b % i [ %2) X = ol = o _
o<W i) portodi with purfiod Zar
&[n] i it
1 =
ulAl Teek T el = 2wk _
' ket
§n = ay) L -
in+ I]l:J“'ltE.l'l:], {ﬂl <1 f_i.._-.;!::w —
(n+r= ) | .
e e e

i
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TABLE 5.3 SUMMARY OF FOURIER SERIES AND TRANSFORM EXPRESSIONS

Conlinuals time Diserete e
Time domain Frequency domain Time domain Frequency dﬂﬁ,_j:
1 | Tt
Iil}:‘: : ﬂ!i = .l:[lﬂ] o : .nlx b
H T | T Iy, sltse Vot 2 pug Oy i Sk A0
Fourier ' !
Series  |continuis Gine i disconte Frequency diserets time discrete frequencig
periadic in time : aperindic in frequeney petiodic in ime ; periodic in frequely
Me 4 M) Al » e
B L R Ll X Tl
b | ! B
Transforty cunti_nui.:u?ﬁt_m continuaus frequency discrete fme : mnlﬁn?ﬂfls ff*?ql
apericdic in time : aperindic in frequency aperiodic in time | periodic in fre?
1 |
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® Example:

x[n]=cos(wym) O0<n<N-1

EC2410.MPF/WinterFY 04

X(e®)=7?
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x[n] = cos(wynT))

15 SEEEEE .“.g“ .E ..........
T S O — |

Z E :

=1 . v

=3 (1] SEEEREESY 1§ EOF e e e E. ...........................

E ;

:

0 0.5m n 1.5 2n
Normalized frequency Ref:[1]

® Example:

N=32 w,= 034w rad/s T =1

(f, = 1/T, = 1 Hz)

EC2410.MPF/WinterFY 04 13



x[n/, y[n] aperiodic X(@?), Y(e?)periodic
with period 27

Linearity adn]+byn] | aX(e’”)+bY ()

Time shifting | xn—n,] X(e)e ™™
Freq. shifting | ’®"x{n] X' ™)
Conjugation | x [#] X' ()
Time reversal | x[-n] X(e)

Convolution | x{n]* y[n] X()Y(e®)

Multiplication| x{n]y[x] 2i IX )Y (e )b
Q 2
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«» Applications of the DTFT to the
Discrete Fourier Transform (DFT)

® Numerically we only have discrete values
for @ on a computer

® Recall X(€?) is periodic with a period =

Definition: The R-point DFT X[4] is defined as:
X[k] =

® Sampling interval (frequency) issues

Recall x[n]=x(nT,), where T, 1s the sampling
interval

The sampling frequency 1| 1s defined as £=1/T,

x(t)=cos(w,t) ==> x[n]=x(n T, )=
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ﬂ .........
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R S e e PP e e vede Nasiiidenn

: i .
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: :

: :

: :

: :

[
o

DTFT magnitude
L7,

v T
Dﬂ 0.5n

T 1.5n n
Normalized frequency
Ref:[1]

¢ R-point DFT

* The DFT of x[n] 1s defined as:

Frequency X [k] =X (em )
bin

w=27k/R, k=0,--,R—1
A

“ DTFT X(&®) for x|[n]=cos(w,nT,)= cos[wonj

N

: | Jo=11Hz; f, =64 Hz

X[k] is periodic with period =

* DFT Example: assume R = 32 points

P26b0s0siasasiosstl]| 159
1a 15 0 5
Freaveney index &

Ref:[1] ﬂiﬁTT,
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“ DFT for x|[n] =cos(a)0n7;)=cos[w°n)

N

X[k] = X(eja’)

w=27k/R, k=0, R—1

Assume f, = 10 Hz; /. = 64 Hz; o, T =
and R = 32 points

(b) Zrop- fo ....... B i

" WU SRR RS SO SO )

: £ 3 3 - r

Ref[l] nl:l 5 i 15 0 2] k1)
Freguency imlex k

How do you explain the difference between plots
(a) & (b) ?
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¢ Varying the number of frequency bins R

Example: X|[7]= %cos (27sz %j + COS(?JZ'fz %),

A N

R=16, f =022Hz, f,=034Hz, f =1Hz

e Plot the DTFT X(€?)

X(€?)
A

01/05/04 EC2410.MPF/WinterFY 04 18



Example cont’:

x|n] :%cos(bzfs %)+cos[2ﬂf2 %),

Ky S

R=16, [ =022Hz, f,=034Hz, f. =1Hz

* Plot the DFT X[K]

XTK]
A
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‘*Varying R Summary; R=[16,32,64,128]

Example: x[n] = %cos (Zﬂ'fs %) + Cos (2%]’2 %j,

R=16  f=022  f,=034

HemigBEwid
# Do
%d ..................... }’ ...................
1? ........................ eerdeer]inage
1] I | ] T f
{Iﬂ 5 H 15 ;ﬂ KR ] 1.5% in
k hmmu]ln-_:ll.ng_ulnrfn-.q_umn}-
(a) )]
Mm & R=32 Mo T K=
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*¢* Resolution issues and DFT

N=16; R=128 (128 discrete frequencies
values in [0, 27]

: . ;_..‘

L il S

H | Pl : i)

= , [
i e, At LR 5
Ry 4 J]]'.l ¥

i 1
b - e
bl

T
E
(a) (b

RN | S
ool
F.'I!I.-.I!-...'J::ﬁ‘l_[ E I"r.ll ,:
A ] -
i n il E{Ij-_ Ed 19 120

w, fixed, f =1, f, = 0.34 ==>k=

a) f;=0.28 =>k=
b) /,=0.29 =>k=
c) f,=030=>k=
d) f,=031=>k=
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s Comments:
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«» Application of the DTFT to the
Short-Time Fourier Transform

o e 200 300 400 500 ano T

Time index o

00

First 200 samples of a caswal chirp signal ::ns{m,ani} with mp = 10w = 103,

; .
£ 05
£ 9
2 os
_I o
0 50 100 150 200 100 150 200 250 300
Time index o : Time index o
1 X 1
£ 05 2 0.5
8 o £ o
S os Hos
-1 =1
200 250 300 350 . 400 300 350 400 450 500
. Time index n S Time index o

Various frames of length 200 samples extracted from the
chirp signal

Note: Need to preserve the time-varying information
of the frequency.

How to do that?
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VT it |

100 204 300 400 500 ao0 T00 800
Time indexn

First 300 samples of a casual chirp signal ms{mgni} with w0 = 10w x 1073,
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0 Xemld®d) X (8 X__(212) X Xermplk2Ll X [E3L]

4 l l In)
2% N=1

#lfilt*f.‘—%

* & e B
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=
h]'

L=
—
Hﬁ“
=
=1

012 3456728210112 0

(8 (b)

Sampling grid in the (®,n)-plane for the sampled STFT
XTFT[k,n], for N=9 & L=4
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s Applications to Speech Processing

Time domain signal

4 1]

[ S FL IR ¥
I

-
]

Amplituds

-1
2

Q S0H0 EQ0H 1500 2000 2504 LMD 3500 4000
Time index n

e B e LT e ek
e A LT ' e ot e — -
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