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OPTIMIZATION/MARGINAL ANALYSIS

Review

Market economies rely on individual decision makers guided by prices to coordinate activity.  Overview of supply and demand indicates how prices are determined in market economies and how the government influences prices.  Now we want to look more closely at individuals (consumers and producers) to understand how they make decisions.  More importantly, we
OUTLINE
REVIEW

OBJECTIVES

OPTIMIZATION:

UNCONSTRAINED

CONSTRAINED

want to develop consumer and producer behavior theories to will help us predict how they will respond to changing conditions (e.g., changing relative scarcity).

Objectives

If we want to predict behavior, we have to have some notion of the individuals' objectives.  If we don't know objectives, we can't predict behavior.  If we have an idea of objectives, we can predict general responses.  Economics assumes that individuals (consumers and producers) are motivated by their own self interest.  Consumers want to maximize well being (called utility).  Firms want to maximize profits.  Sometimes these decisions may be unconstrained (e.g., firms have unlimited access to capital), and sometimes they may be constrained (e.g., consumer's have limited budgets or firms have limited access to capital).  Thus, we want to understand the general approach to maximization (and minimization).  This is the foundation of economics as a method.

Aside:  are utility and profit maximization appropriate objectives?  For consumers, well being can be defined to include social concerns (e.g., concern for others and the environment).  So utility maximization is not inconsistent with charitable and moralistic behavior.  We typically omit these terms when developing the theory because they are hard to quantify, but the theory is general enough to include them.  

For firms, what are some of the other objectives firm's can follow?  Maximize sales subject to a minimum profit constraint, maximize managers' perquisites subject to minimum stock return, satisficing, etc.).  Argument has been that firms may not be maximizers because it requires too much information.  Particularly true when separation between ownership and management widens.  Owners (stockholders) are generally a diffuse, poorly organized group so managers may be able to pursue objectives other than profit maximization.  Counter is that market for managers and ownership may exert sufficient control to ensure most firms act like profit maximizers.  If managers fail to maximize profits, the firm will be taken over or other managers may be able to gain control by offering owners a better deal.  This is reason given by some for recent wave of take-overs (financial bankers argue that takeovers have increased efficiency by more closely linking ownership and management).  For simplicity, we will assume that firms maximize profits.  Accepted by tradition and similar results as other maximization objectives.  Satisficing theory is not clearly articulated.

What about government agencies?  What do they maximize or minimize?  Budget, hassles, relationships with private sector?  This can be incorporated in approach developed here as long as we can specify an objective.  Specific behavior depends on objectives, but general approach is the same across objectives.

Unconstrained Optimization

In general, all activities have a benefit and a cost (costs should be measured as opportunity costs, i.e., what we give up to increase that activity).  In general, the more we engage in an activity, the greater the costs and benefits.  Maximizing self interest requires that we find the appropriate balance between costs and benefits.  Thus, we want to maximize the net benefits of activity A, where:


NB(A) = TB(A) - TC(A).

To maximize with respect to the level of A, take the derivative with respect to A and set equal to zero:


dNB(A)/dA = dTB(A)/dA - dTC(A)/dA = MB(A) -MC(A).  

Thus, general result implies that we should continue engaging in an activity as long as the MB exceeds the MC.  In that case, more of the activity adds more to benefits than it does to costs.  Thus, NB increases by continuing.  If MC > MB, more of the activity adds more to costs that to benefits, so NB would decrease.  Where MB = MC, the contribution to costs and benefits are equal, so NB doesn't change.

In general, expect MC to increase at an increasing rate (diminishing marginal productivity) and benefits to increase at a decreasing rate (satiation),  Thus, we get a unique global optimum where MC = MB.

For example, suppose a firm is trying to decide how much to produce.  It knows that total costs are given by TC = 100 + 10Q, and demand is given by P = 60 - 5Q.  How much should the firm produce to maximize profits?  First express the problem in the general form given above NB(Q) = TB(Q) - TC(Q), where Q is the activity.  In this case, TB is the revenue the firm receives from selling its output.  Thus:


 TB = TR = PxQ = 60Q - 5Q2, and 


NB(Q) = (60Q - 5Q2) - (100 + 10Q).  

To maximize this expression, take the derivative with respect to Q and set it equal to zero.  


dNB/dQ = dTR/dQ - dTC/dQ = MR - MC = (60 - 10Q) - 10 = 0  =>  Q = 5.  

This is the level of output that maximizes the firms profits.  From the NB equation, the firms profits are 25 at this level of output.  (Note that the MC = MB rule tells us the optimal level of output, but not the NB at that level of output.  We have to calculate NB from the NB equation at that level of output.  However, this simplifies the calculation because we only have to calculate one NB).

The intuition and relationships between TB, TC, MB, MC, and NB are illustrated in the Figures and Tables below.  MB and MC are the slopes of the TB and TC curves, respectively.  The difference between the TB and TC curves is the greatest where the slopes of these two lines are equal (i.e., MB = MC).  This corresponds to the point of maximum net benefit.  (Note:  MB = MC implies that the marginal NB is zero, but the total NB is the sum of all marginal NBs, so it is maximized where marginal NB is zero.)

Equating MC and MB is the general rule that is used in all unconstrained optimization problems (both minimization and maximization).  Should you completely insulate your house if it costs $1000 and saves $1500/year in heating bills?  Maybe not, if weather stripping on doors costs $100 and gets $1400 of the annual savings, the extra $900 spent on insulation may not be worth the additional $100/year savings.  Should we eliminate all pollution?  Should we eliminate all drugs?
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Constrained Optimization

So far we have assumed that we are unconstrained by money, time, resources, etc.  We have been free to choose any level of the activity we like.  Many decisions are constrained (e.g., what is the best way to produce a given level of output; what is the most output we can produce with a given budget; how should candidates allocate campaign time and budgets; how should police allocate their budgets across patrols, detectives, gang sweeps, etc.; how should we allocate the defense or service budgets across procurement, manpower, reserves, etc.; etc.?).

Tables below illustrate intuition.  Suppose we want to maximize output subject to a budget constraint.  We have three types of inputs:  unskilled labor, skilled labor, and managers.  Objective is to find the balance of three types of labor that maximizes output.  Total output produced by each type of labor is illustrated in the first table.

Assume for now that all three types of labor have the same per unit cost ($10), and we have a budget of $120.  Can we tell from this table how much of each type of labor to hire?  Would be very hard, but we could look at total output for all combinations of labor we can afford (i.e., 12 unskilled, 11 unskilled and 1 skilled, 11 unskilled and 1 managerial, etc.).  There are many combinations so this would be a tedious process

CONSTRAINED OPTIMIZATION:  TOTAL BENEFITS
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CONSTRAINED OPTIMIZATION:  MARGINAL BENEFITS
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As an alternative, we can consider how much output an additional unit of each type of labor provides (i.e., MB).  We will spend the first $10 on the labor that gives the highest output (i.e., 1st skilled labor), the next $10 on the unit of labor that gives the next highest output (1st managerial labor), etc.  In other words, we will always spend the next $10 on the unit of labor that buys the biggest increase in output.

What condition exists if we have the optimal distribution?  MBus = MBs = MBm (this would be true for all budget levels if we could buy fractional amounts of labor).  If MBus > MBs = MBm, (i.e., MBus = 13 and MBs = MBm = 8) we could increase output, without increasing costs, by hiring more unskilled labor and less skilled and managerial labor (i.e., we would lose 8 units of output if we hired one less skilled or managerial worker but gain 13 if we replaced one of these units with one unit of unskilled labor).  We always want MBs equal (with diminishing marginal productivity, as we hire more of the labor where MB is the greatest, MB decreases.  Conversely, as we hire less of the labor where MB is the lowest, MB increases.  Thus, shifting from the lowest MB to the highest MB will tend to equalize MBs.)

What if each type of labor has a different cost (e.g., Pus = 5, Ps = 10, Pm = 20).  Now we have to normalize contribution to output according to the cost of that contribution.  We do this by dividing MB by the Pl, to get MB per  dollar spent on each type of labor (see third table above).  Then we follow the same process as before.  Now at the optimal point MBus/Pus = MBs/Ps = MBm/Pm.  This can be expanded into a general result for constrained optimizations.  P here represents the MC of an additional unit of labor (measured as opportunity cost).  Thus, the general result is MBx/MCx = MBy/MCy = MBz/MCz.

We can derive this result mathematically.  Want to maximize TB = f(X, Y, Z). subject to a resource constraint which introduces an opportunity cost TC = g(X, Y, Z) = B*.  We can set up a Legrangian where we maximize the objective but penalize ourselves if we exceed the constraint.

Maximize Y = TB + B* - TC).  (To maximize, take the partial derivative with respect to X, Y, Z, and  and set equal to zero.)  The yields:


(Y/(X = (TB/(X - (TC/(X = 0  =>   = ((TB/(X)/((TC/(X)  =>   = MBx/MCx.


(Y/(Y = (TB/(Y - (TC/(Y = 0  =>   = ((TB/(Y)/((TC/(Y)  =>   = MBy/MCy.


(Y/(Z = (TB/(Z - (TC/(Z = 0  =>   = ((TB/(Z)/((TC/(Z)  =>   = MBz/MCz.


(Y/( = B* -  TC= 0

From the first three conditions, MBx/MCx = MBy/MCy = MBz/MCz.  The fourth condition ensures the constraint is satisfied.

For example, suppose we want to maximize output subject to a budget constraint.  We have two inputs, unskilled labor and skilled labor.  Output is equal to Q = 2U1/2S1/2.  The respective costs are Pus = 5 and Ps = 20.  We have $160 to spend (i.e., 5U + 20S ( 160).  Using a Legrangian, the problem can be solved as follows:


Maximize: Y = 2U1/2S1/2 + (160 - 5U + 20S)


(Y/(U = U-1/2S1/2 - (5) =  0  =>   = S1/2/5U1/2

(Y/(S = U1/2S-1/2 - (20) = 0  =>   = U1/2/20S1/2  


(Y/( = 160 - 5U + 20S = 0  =>  5U + 20S = 160

Combining the first two results:

 
S1/2/5U1/2 = U1/2/20S1/2   => U = 4S.  

Plugging this result into the third equation above:


20S + 20S = 160  =>  40S = 160  =>S = 4.  

Plugging this result into the relationship between S and U:


U = 4S  => U = 16.  

We can check the budget constraint by plugging these values of U and S into the TC function;


TC = 5(16) + 20(4) = 160.

So the budget constraint is satisfied.  Finally, we can find the level of output by plugging U and S into the production function:

Q = 2(161/2)(41/2)  =>  Q = 16.

Alternatively, we could minimize the cost of producing 16 units of output.  The format for the Legrangian is the same in this case.  The Legrangian is:  


Min:  Y = 5U + 20S + (16 - 2U1/2S1/2).  

Solving results in 16 units of unskilled labor, 4 units of skilled labor, and a $160 cost.  You can check for yourself.

In many cases, don't need to use Legrangian.  We know the general form of the answer (MBx/MCx = MBy/MCy = MBz/MCz) so we can directly compare MBs and MCs (i.e., directly derive MBus and MBs from TB function and MCus and MCs from TC function, then compare ratios and plug into budget constraint).  Legrangian merely proves that this short hand approach is correct.  Trick is to define MBs and MCs correctly.

One limitations of this approach is that we have to quantify both costs and benefits.  This may be possible for production decisions, but it is difficult if we are considering non-monetary benefits, new technologies where costs and prices are unknown, etc.  Particularly difficult to implement for government programs where objectives include social concerns, national security, etc. (e.g., how does DoD compare benefits across services, weapon systems, force mixtures, etc.)  Tool is well defined, applications may not be.

Examples

1.
Find the combination of K and L that minimize the cost of producing 1000 units of output when the production function is given by:



Q = 4*K1/2L1/2
The price of labor and capital are:  Pl = 10 and Pk = 1000, respectively.


[image: image2.wmf]Legrangian Approach

Y = 

Pk*K+Pl*L + 

ß(Q*-4*K^(1/2)L^(1/2)])

Y = 1000*K+10*L + 

ß(1000-[4*K^(1/2)L^(1/2)])

1 => ß =

10

1

¶

Y/

¶

L = 10-

ß((1/2)*4*K^(1/2)L^(-1/2)) = 0

2K^(1/2

)L^(-1/2)

2

¶

Y/

¶

K = 1000-

ß((1/2)*4*K^(-1/2)L^(1/2)) = 0

3

¶

Y/

¶

ß = 1000-[4*K^(1/2

)L^(1/2)] = 0

2 => ß =

1000

2K^(-1/2

)L^(1/2)

1 & 2 =>

10*L^(1/2)

 =

1000*K^(1/2)

2*K^(1/2)

2*L^(1/2)

 =>

20*L = 2000*K

 =>

L = 100*K

3 =>

1000 = 4*K^(1/2

)L^(1/2)

 =>

K = [1000/4*L^(1/2)]^2 = 1,000,000/16*L

 =>

If L = 

100K  K = [1,000,000/1600*K]  =>  K^2 = 625  =>  K = 25

If K = 25, L = 2500

Plugging these results into the cost function

 =>

TC = 1000*K + 10*L  =

>  TC = 25,000 + 25,000 = $50,000


Graphically, this can be represented as below.
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Spreadsheet approaches


[image: image4.wmf]1st Approach:

From Production function, find the combinations of L and K that produce 1000 units of output

Q = 4*K^(1/2)*L^(1/2)  =

>  K^(1/2) = Q/4*L^(1/2)  =>

K = Q^2/16*L, if Q = 1000  =

>  K = 62,500/L

Find the combination that satisfies the conditions for efficiency

:  

MBl/

MCl = 

MBk/

MCk where:

MBl = 

¶

Q/

¶

L = 2*K^(1/2)*L^(-1/2)

MBK = 

¶

Q/

¶

K = 2*K^(-1/2)*L^(1/2)

MCl = TC/L = 10

MCk = 

¶

TC/

¶

K = 1000

250

 =

D

L (This is used to scale the table below to ensure we find the optimal L)

L

K

MBl

MBk

MBl/

MCl

MBk/

MCk

Check Equality

Total Cost

0

250

250.00

2.00

2

0.200

0.002

$252,500

500

125.00

1.00

4

0.100

0.004

$130,000

750

83.33

0.67

6

0.067

0.006

$90,833

1000

62.50

0.50

8

0.050

0.008

$72,500

1250

50.00

0.40

10

0.040

0.010

$62,500

1500

41.67

0.33

12

0.033

0.012

$56,667

1750

35.71

0.29

14

0.029

0.014

$53,214

2000

31.25

0.25

16

0.025

0.016

$51,250

2250

27.78

0.22

18

0.022

0.018

$50,278

2500

25.00

0.20

20

0.020

0.020

*****

$50,000

2750

22.73

0.18

22

0.018

0.022

$50,227

3000

20.83

0.17

24

0.017

0.024

$50,833

3250

19.23

0.15

26

0.015

0.026

$51,731

3500

17.86

0.14

28

0.014

0.028

$52,857

3750

16.67

0.13

30

0.013

0.030

$54,167

4000

15.63

0.13

32

0.013

0.032

$55,625

4250

14.71

0.12

34

0.012

0.034

$57,206

4500

13.89

0.11

36

0.011

0.036

$58,889

4750

13.16

0.11

38

0.011

0.038

$60,658

5000

12.50

0.10

40

0.010

0.040

$62,500
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:  Find the combinations of L and K that satisfy the efficiency

conditions:

MBl/

MCl = 

MBk/

MCk,

where:

MBl = 2*K^(1/2)*L^(-1/2)

2*K^(1/2

)L^(-1/2)/10 = 2K^(-1/2)L^(1/2)/1000

=>

MBK = 2*K^(-/2)*L^(1/2)

2*K^(1/2)/10L^(1/2) = 2L^(1/2)/1000K^(1/2)

=>

MCl = 10

1000K = 10L

=>

MCk = 1000

L = 100K

From Production function, find which of these 

combinations produces 1000 units of output.

250

 =

D

L (This is used to scale the table below to ensure we find the optimal L)

L

K

Output

Check

Equality

Total Cost

0

250

2.5

100

5000

500

5

200

10000

750

7.5

300

15000

1000

10

400

20000

1250

12.5

500

25000

1500

15

600

30000

1750

17.5

700

35000

2000

20

800

40000

2250

22.5

900

45000

2500

25

1000

*****

50000

2750

27.5

1100

55000

3000

30

1200

60000

3250

32.5

1300

65000

3500

35

1400

70000

3750

37.5

1500

75000

4000

40

1600

80000

4250

42.5

1700

85000

4500

45

1800

90000

4750

47.5

1900

95000

5000

50

2000

100000


2.
Suppose Fleet Z has a joint mission of anti-submarine warfare (ASW) and surface warfare (SW).  Both ASW and SW output increase with man-hours and computer-hours devoted to the respective mission.  Let:



ASW = LA1/4KA1/4 


where LA, KA denote labor-hours and capital-hours devoted to ASW.



SW = LS1/2KS1/2 


where LS, KS denote labor-hours and capital-hours devoted to SW.  

The fleet has 100 labor-hours and 200 capital-hours available per day for these two missions.



LA + LS = 100;
KA + KS = 200

a.
Describe the effieicnt allocation of labor and capital hours across ASW and SW.

b. 
Compute the equation for Fleet Z's production possibility frontier (PPF) for ASW and SW.  Sketch the production possibility frontier.

c.
Suppose that Fleet Z's utility for ASW and SW is given by:



U = SW*ASW2
If the Fleet's objective is to maximize utility, what is the optimal combination of ASW and SW?  How much man and computer-hours should they devote to each activity?  What is the Fleet's utility?


[image: image6.wmf]Legrangian Approach

Y = 

La^(1/4

)

Ka

^(1/4) + ß(SW* - [

Ls^(1/2)][

Ks^(1/2)])

Y = 

La^(1/4

)

Ka

^(1/4) + ß(SW* - [(100 - La)^(1/2)][(200 - 

Ka)^(1/2)])

1

¶

Y/

¶

La = (1/4

)

La

^(-3/4)

Ka^(1/4)-ß(1/2)[(100 - La)^(-1/2)](-1)[(200 - 

Ka)^(1/2)] = 0

2

¶

Y/

¶

Ka = (1/4

)

La

^(1/4)

Ka^(-3/4)-ß[(100 - La)^(1/2)](1/2)[(200 - 

Ka)^(-1/2)](-1) = 0

3

¶

Y/

¶

ß = SW* - [(100 - La)^(1/2)][(200 - 

Ka)^(1/2)] = 0

1 => ß =

2Ka^(1/4

)

La

^(-3/4)

4[(100 - La)^(-1/2)][(200 - 

Ka)^(1/2)]

2 => ß =

2Ka^(1/4

)

La

^(-3/4)

4[(100 - La)^(-1/2)][(200 - 

Ka)^(1/2)]

1 & 2 =>

2Ka^(1/4)[(100 - La)^(1/2)]

 =

2La^(1/4)[(200 - 

Ka)^(1/2)]

4La^(3/4)[(200 - 

Ka)^(1/2)]

4Ka^(3/4)[(100 - La)^(1/2)]

 =>

Ka

(100 - La) = La(200 - 

Ka)

 =>

100Ka - 

LaKa = 200La - 

LaKa  =

>  

Ka = 2La

3 =>

SW* = [(100 - La)^(1/2)][(200 - 

Ka)^(1/2)]  =

>  SW* = [(100 - La)^(1/2)][(200 - 2La)^(1/2)]

 =>

SW* = 2^(1/2)(100 - La) = 1.41(100 - La)

 =>

La = [(1.41)(100) - SW*]/1.41  =

>  

Ka = 2[(1.41)(100)-SW*]/1.41

Plugging these results into the production function for ASW

 =>

ASW = {[(1.41)(100) - SW*]/1.41}^(1/4){2[(1.41)(100) - SW*]/1.41}^(1/4)

 =>

ASW = 2^(1/4){[(1.41)(100) - SW*]/1.41}^(1/2)

 =>

ASW^(2) = 2^(1/2){[(1.41)(100) - SW*]/1.41} = 1.41{[(1.41)(100) - SW*]/1.41}

 =>

ASW^(2) = 141 - SW

*  or  SW* = 141 - ASW^(2)


This is represented graphically as:
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Spreadsheet approach:
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Legrangian Approach







Y = Pk*K+Pl*L + ß(Q*-4*K^(1/2)L^(1/2)])







Y = 1000*K+10*L + ß(1000-[4*K^(1/2)L^(1/2)])







1 => ß = 







10







1







(Y/(L = 10-ß((1/2)*4*K^(1/2)L^(-1/2)) = 0







2K^(1/2)L^(-1/2)







2







(Y/(K = 1000-ß((1/2)*4*K^(-1/2)L^(1/2)) = 0







3







(Y/(ß = 1000-[4*K^(1/2)L^(1/2)] = 0







2 => ß = 







1000







2K^(-1/2)L^(1/2)







1 & 2 =>  







10*L^(1/2)







 = 







1000*K^(1/2)







2*K^(1/2)







2*L^(1/2)







 => 







20*L = 2000*K







 => 







L = 100*K







3 =>







1000 = 4*K^(1/2)L^(1/2)







 =>







K = [1000/4*L^(1/2)]^2 = 1,000,000/16*L







 =>







If L = 100K  K = [1,000,000/1600*K]  =>  K^2 = 625  =>  K = 25







If K = 25, L = 2500







Plugging these results into the cost function







 =>







TC = 1000*K + 10*L  =>  TC = 25,000 + 25,000 = $50,000
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1st Approach:  







From Production function, find the combinations of L and K that produce 1000 units of output







Q = 4*K^(1/2)*L^(1/2)  =>  K^(1/2) = Q/4*L^(1/2)  =>  







K = Q^2/16*L, if Q = 1000  =>  K = 62,500/L







Find the combination that satisfies the conditions for efficiency:  MBl/MCl = MBk/MCk where:







MBl = (Q/(L = 2*K^(1/2)*L^(-1/2)







MBK = (Q/(K = 2*K^(-1/2)*L^(1/2)







MCl = TC/L = 10







MCk = (TC/(K = 1000







250







 =(L (This is used to scale the table below to ensure we find the optimal L)







L







K







MBl







MBk







MBl/MCl







MBk/MCk







Check Equality







Total Cost







0







250







250.00







2.00







2







0.200







0.002







$252,500







500







125.00







1.00







4







0.100







0.004







$130,000







750







83.33







0.67







6







0.067







0.006







$90,833







1000







62.50







0.50







8







0.050







0.008







$72,500







1250







50.00







0.40







10







0.040







0.010







$62,500







1500







41.67







0.33







12







0.033







0.012







$56,667







1750







35.71







0.29







14







0.029







0.014







$53,214







2000







31.25







0.25







16







0.025







0.016







$51,250







2250







27.78







0.22







18







0.022







0.018







$50,278







2500







25.00







0.20







20







0.020







0.020







*****







$50,000







2750







22.73







0.18







22







0.018







0.022







$50,227







3000







20.83







0.17







24







0.017







0.024







$50,833







3250







19.23







0.15







26







0.015







0.026







$51,731







3500







17.86







0.14







28
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0.028
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3750
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0.13
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13.16







0.11







38
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$60,658
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12.50







0.10







40







0.010







0.040







$62,500
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ASW=La^1/4*Ka^1/4







For Optimization:  MPLa/MPKa = MPLs/MPKs, where:







SW=Ls^1/2*Ks^1/2







MPLa=(ASW/(La=1/4(La^-3/4*Ka^1/4)







MPLs=(SW/(Ls=1/2(Ls^-1/2*Ks^1/2)







Ls+La=100







MPKa=(ASW/(Ka=1/4(La^1/4*Ka^-3/4)







MPKs=(SW/(Ks=1/2(Ls^1/2*Ks^-1/2)







Ks+Ka=200







MPLa/MPKa=Ka/La







MPLs/MPKs=Ks/Ls







U=SW*ASW^2







Ka/La=Ks/Ls==>Ka=(Ks*La/Ls)







(200-Ks)=Ks*La/Ls







SW=U/ASW^2







200=Ks[1+(La/Ls)]
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2nd Approach:  Find the combinations of L and K that satisfy the efficiency conditions:







MBl/MCl = MBk/MCk, where:







MBl = 2*K^(1/2)*L^(-1/2)







2*K^(1/2)L^(-1/2)/10 = 2K^(-1/2)L^(1/2)/1000  =>







MBK = 2*K^(-/2)*L^(1/2)







2*K^(1/2)/10L^(1/2) = 2L^(1/2)/1000K^(1/2)  =>







MCl = 10







1000K = 10L  =>







MCk = 1000







L = 100K







From Production function, find which of these combinations produces 1000 units of output.







250







 =(L (This is used to scale the table below to ensure we find the optimal L)







L







K







Output







Check Equality







Total Cost







0
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PPF and Utility Maximization
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Legrangian Approach







Y = La^(1/4)Ka^(1/4) + ß(SW* - [Ls^(1/2)][Ks^(1/2)])







Y = La^(1/4)Ka^(1/4) + ß(SW* - [(100 - La)^(1/2)][(200 - Ka)^(1/2)])







1







(Y/(La = (1/4)La^(-3/4)Ka^(1/4)-ß(1/2)[(100 - La)^(-1/2)](-1)[(200 - Ka)^(1/2)] = 0







2







(Y/(Ka = (1/4)La^(1/4)Ka^(-3/4)-ß[(100 - La)^(1/2)](1/2)[(200 - Ka)^(-1/2)](-1) = 0







3







(Y/(ß = SW* - [(100 - La)^(1/2)][(200 - Ka)^(1/2)] = 0







1 => ß = 







2Ka^(1/4)La^(-3/4)







4[(100 - La)^(-1/2)][(200 - Ka)^(1/2)]







2 => ß = 







2Ka^(1/4)La^(-3/4)







4[(100 - La)^(-1/2)][(200 - Ka)^(1/2)]







1 & 2 =>  







2Ka^(1/4)[(100 - La)^(1/2)]







 = 







2La^(1/4)[(200 - Ka)^(1/2)]







4La^(3/4)[(200 - Ka)^(1/2)]







4Ka^(3/4)[(100 - La)^(1/2)]







 => 







Ka(100 - La) = La(200 - Ka)







 => 







100Ka - LaKa = 200La - LaKa  =>  Ka = 2La







3 =>







SW* = [(100 - La)^(1/2)][(200 - Ka)^(1/2)]  =>  SW* = [(100 - La)^(1/2)][(200 - 2La)^(1/2)]







 =>







SW* = 2^(1/2)(100 - La) = 1.41(100 - La)  







 =>







La = [(1.41)(100) - SW*]/1.41  =>  Ka = 2[(1.41)(100)-SW*]/1.41







Plugging these results into the production function for ASW







 =>







ASW = {[(1.41)(100) - SW*]/1.41}^(1/4){2[(1.41)(100) - SW*]/1.41}^(1/4)







 =>







ASW = 2^(1/4){[(1.41)(100) - SW*]/1.41}^(1/2)







 =>







ASW^(2) = 2^(1/2){[(1.41)(100) - SW*]/1.41} = 1.41{[(1.41)(100) - SW*]/1.41}







 =>







ASW^(2) = 141 - SW*  or  SW* = 141 - ASW^(2)
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